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£N| ' Abstract 



We investigate the asymptotic behaviour of the localised solitary waves for the generalised 



Kadomtsev-Petviashvili equations. In particular, we compute their first order asymptotics 
in any dimension N > 2. 



1 Introduction 

1.1 Motivation and main results 



< 

+-> 

The present paper deals with the solitary waves for the generalised Kadomtsev-Petviashvili 
equations 

TV 

dtu + u p d\u + d^u — J2 djUj = 0, . 

3=2 C 1 ) 

I Vj€{2,...,N},diu j = d j u. 

The exponent p = ^ is rational (where m and n are relatively prime, and n is odd). The 
CO ' function u i— > u p is defined by the standard convention 

O " Vu eR,ii p = 5i^n(u) m |« : 

ON ' 
O 

Two cases at least are physically relevant. First, the case p = 1 corresponds to the standard 
Kadomtsev-Petviashvili equation: a universal model for dispersive, weakly nonlinear long waves, 
essentially unidimensional in the direction of propagation x% (see e.g. [10]). Second, the case 
p = 2 appears as a model for the evolution of sound waves in antiferromagnetics (see e.g. [6]). 

The solitary waves for the generalised Kadomtsev-Petviashvili equations are the solutions u 
of ([ID of the form 

u(t, x) = v(x\ - ct, x±), = (x 2 , . . . , xn), 



which belong to the closure Y of the space 9iCq°(R ) for the norm 

They are (at least formally) critical points on Y of the action S defined by 

Vv £ Y, S(v) = E(v) + ^ f v 2 (x)dx, (2) 
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where E denotes the energy associated to the generalised Kadomtsev-Petviashvili equations 

1 f N If 

E(v) = - (d lV (x) 2 + y Vj (x) 2 )dx- ± -/ v(x) p+2 dx. (3) 

K ' 2j RN \ 1K > tl J (p+l)(p + 2) J RN V ' K > 

3 — z 

The parameter c > is the speed of the solitary wave, which moves in the direction x\. We 
can always make the additional assumption c = 1. Indeed, if v is a solitary wave with speed c, 
the equation for v is written as 

JV 

— cd\v + v p div + div — Y] djVn = 0, , „. 

f^2 3 3 (4) 

Vj G {2,...,N},d lVj =d jV . 
Therefore, the function v, given by the scale changes, 

VieM tf ,^ 1 ,n)=cit ) |^j, (5) 

is a solitary wave with speed 1. In order to simplify the notation, we will assume from now on 
that c is equal to 1. We will recover the arbitrary case by the scale change ©. In particular, 
with this additional hypothesis, the solitary wave v solves the equation 

- Av + dfv + ^— d 2 (v p+1 ) = 0, (6) 
p+1 

which is the starting point of our analysis. 

A. de Bouard and J.-C. Saut first studied the existence and qualitative properties of the 
solitary waves for the generalised Kadomtsev-Petviashvili equations. In [3], they completely 
solved the issue of their existence in dimensions two and three: they proved that there exist 
non-trivial solutions of equation ^ in Y if and only if 

0<P< 2W^3- 

We believe that their proof extends to any dimension N > 4 0. Therefore, we will only consider 
the exponents p for which there presumably exist non-trivial solutions of equation (jj]) in Y, that 
is, 

4 

< v < • 

v 2N-3 

Moreover, A. de Bouard and J.-C. Saut [3] also addressed the issue of the dynamical stability 
of the family of solitary waves. In dimension two, they proved their orbital stability for p < g, 
and their instability for p > |. Likewise, J.L. Bona and Yue Liu [2] showed the instability of 
the solitary waves in dimension three. 

Finally, A. de Bouard and J.-C. Saut [5] proved the axisymmetry around the axis x\ of the 
ground states (the solitary waves which minimise the action S on the space Y), and computed 
the algebraic decay of any solitary wave in dimensions two and three. 

Theorem ([5]). In dimension two, any solitary wave v of equation (pQ) satisfies 

r 2 v G L°°(lR 2 ),r 2 =x\+x\. 

In dimension three, any solitary wave v of equation (pQ) satisfies 

3 
2 



V0 < 5 < ^-,r 5 v G L 2 (R 3 ),r 2 = x 2 + x\ + x\. 



1 In this article, we will derive from integral identities (which are of independent interest) that there are no 
non-trivial solitary- wave solutions of equation ([T} in Y if p > 2jv *_ 3 (see Corollary [2} . However, our goal is not to 
obtain existence results, so we will not consider these existence problems any further. 
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Remark 1. Their theorem is sharp in dimension two for p = 1. Indeed, there exists an explicit 
solution of equation @ in dimension two, the so-called lump solution v c given by 



> 3 cxi ~\~ c Xo 



V(xi, X2) G R , v c (£i, ^2) = 24c- 



(3 + ca;f +c 2 x|) 2 ' 

In particular, we cannot expect a decay rate better than r~ 2 in dimension two for p = 1. 

The goal of this paper is precisely to improve their description of the asymptotics of a solitary 
wave in any dimension N > 2. 

Theorem 1. Let v £Y be a solitary-wave solution of speed 1 of equation (pQ). Assume that 

4 



< p < 



2N - 3' 

and consider the function G C 00 ^^ -1 ) given by 

r(-) r 

W = (a 1 ,...,a N )G8 N -\v OQ (a)= N { 2 ' (1 - i\V 2 ) / «(x) p+1 dx. (7) 

27T~(p+l) ^ 

Then, the function x ^ \x\ N v{x) is bounded on M. N , and 

Vo" G § N ~ 1 , R N v(Rcr) -» ^(a). (8) 

Moreover, if < p < 2 n-3 > ^ s convergence is uniform: it holds in L oc (S N ^ 1 ). 

Remark 2. The function ^ is well-defined on S^ -1 . Indeed, by Theorem [HJ the integral 
Ljv is finite. 

Theorem [1] gives the sharp decay rate at infinity, which is exactly equal to r , of any non- 
trivial solitary wave v in any dimension N > 2 for all the exponents p = ^ such that m is an 
odd number. Indeed, let us consider some non-trivial solitary wave v in Y such that its decay 
rate is strictly more than r~ N . Then, there exists some function d : R+ — > such that 

Vx G R N ,\ v (x)\ < d(\x\), 

and 



r lv d{r) -► 0. 

r— >+oo 

By Theorem [TJ the function is identically equal to on S^ -1 , which gives 

v(x) p+1 dx = 0. 



Then, v is trivial since m is odd, which leads to a contradiction. Thus, Theorem [T] is optimal 
for any non-trivial solitary wave when m is an odd number (which holds for the standard 
Kadomtsev-Petviashvili equation) . 

On the other hand, Theorem Q] may not be sharp if m is even. There may be non-trivial 
solitary waves whose decay rate is higher than r~ N . This may happen if the function Voo is 
identically equal to 0, that is if 

v(x) p+1 dx = 0. 
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We do not actually know of any non-trivial solitary waves which verify such assumption, but 
we believe that they may exist. Indeed, L. Paumond [13] proved their existence in dimension 
N = 5 for an equation very similar to equation (fTJ), namely 

5 

dtu + u p d\u + d\u — djUj = 0, 
i=2 

Vj G {2, . . .,5},diUj = dju. 

More precisely, when m is even, he proved the existence of non-trivial solitary waves v for this 
equation which verify 

Vx G ~R 5 ,v(xi,X2,X3, x 4 ,x 5 ) = -u(xi,X4,x 5 ,x 2 ,x 3 ). 
In particular, such solutions satisfy the condition 

f v(x)P +1 dx = 

above. Therefore, Theorem Q] is not necessarily sharp when m is even. 

Before sketching the proof of Theorem [H we must notice another improvement for the stan- 
dard Kadomtsev-Petviashvili equation. 

Theorem 2. Let v G Y be a solitary-wave solution of speed 1 of equation (JTJ) . Assume that 
N = 2 or N = 3, and p = 1. Then, the function is given for every a G S^ -1 by 

( 7 - 2jV )r(f) (7-2J\0r(J) 2 

Woo(ct) = — Hrl 1 - ^i) = w C 1 - ^i) I 9 ) 

2(2A^-5)vr- 4vr- 

Theorem [2] results from Pohozaev identities, which were already derived by A. de Bouard and 
J.-C. Saut in [3]. It links the asymptotics of a solitary wave v to its energy E(y) or its action 
S(v). In particular, there is only one possible asymptotics for all the solitary waves with the 
same energy. This seems to be a further evidence of the uniqueness of non-trivial solitary waves 
(up to translations) in the case of the standard Kadomtsev-Petviashvili equation: we believe 
that this new evidence could be a useful step towards the resolution of this problem, which is 
still open to our knowledge. 

1.2 Sketch of the proof of Theorem CD 

The goal of Theorem [1] is to compute the algebraic decay at infinity of a solitary wave v, then 
its first order asymptotics. Our proof is reminiscent of a series of articles by J.L. Bona and Yi 
A. Li [1J, A. de Bouard and J.-C. Saut [5j, M. Maris pHH], and [TJ Ej. It relies on the use 
of convolution equations, in particular on a precise analysis of the kernels they involve. The 
analysis provides the improvements mentioned above. Moreover, it relies on general arguments 
which could prove fruitful for other equations (with other kernels and nonlinearities) in any 
dimension. That is the reason why we first explain the main arguments of the proof of Theorem 
[TJ We hope that it will also help to clarify this proof. 

1.2.1 Convolution equations 

By equation ([6]), the solitary wave v satisfies, at least formally, both the convolution equations 

v = iH * {v p div) (10) 
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and 

v = — !— Kq *v p+1 . (11) 
p+1 

Here, Hq and Kq are the kernels whose Fourier transforms are 

S>«> = ^ <«> 

and 

F o(0 = ^^1- (13) 

Equations (jlOp and (jlip link the asymptotic properties of v to the behaviour of Hq and -K"o at 
infinity. This requires a careful analysis of such kernels, first for deriving equations (110p and 
(jlip rigorously, second for computing the asymptotics of v. 



1.2.2 Main properties of the kernels 

This section is devoted to the study of the kernels Hq, Kq and K k = —iO^Kq, given by 

yke{i,...,N},K k (0 = T^§M- (14) 

l«l +4i 

In view of the comment above, we first describe their asymptotic properties and their singularities 
near the origin in order to deduce the asymptotic properties of v later on. 

Algebraic decay at infinity and singularities near the origin 

Let us consider the spaces of functions M£°(fi) defined by 

M™(Q) = {h:!1hC, \\u\\M™(n) = sup{\x\ a \u(x)\,x G tt} < +oo}, 

for any a > and any open subset Q of TSL N . We say that a function / presents some algebraic 
decay at infinity if it belongs to some space M™(B(0, l) c ) for some a > 0. Likewise, / presents 
some algebraic explosion near the origin if it belongs to some space M^(B(0, 1)) for some a > 0. 

One goal of Theorem [1] is to derive the algebraic decay of the solitary wave v at infinity. 
The first step consists in studying the algebraic decay of Hq, Kq and K^ at infinity and their 
algebraic explosion near the origin. This study first provides their algebraic decay at infinity. 

Theorem 3. Let k G {1, . . . , N}. The kernels Hq, Kq and K^ are continuous on B(0, l) c , and 
belong to M^ ) _ 1 (-B(0, l) c ), M™(B(0,l) c ) and M™ +1 (B(0, l) c ) respectively. 

Remark 3. We believe that Theorem [3] is sharp in the sense that the kernels Hq, Kq and K k 
do not belong to M^ 1 (5(0, l) c ), M™(B(0, l) c ) and M™ +1 (B(Q, l) c ) for any a > N. 

This study also yields a description of their singularities near the origin. 
Theorem 4. Let 1 < k < N . There exists some A > such that for every x £ -6(0, 1), 

' (xj + \x ± \) N ~ 2 \H (x)\ < A(l + S N>2 \ ln(|x|)|), 
< (xI + \x ± \) n -I + \Kq(x)\<A, 

K (a^ + \x ± \) N -^ L \K k (x)\ < A. 
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Remark 4. By TheoremU H , Kq and K k are respectively in M^_ 4 (B(0, 1)), M^_ 3 (B(0, 1)) 
and M^_ 1 _ ( j i (S(0, 1)) in any dimension N > 2. However, such spaces are not suitable to 
describe their singularities near the origin. Indeed, their singularities are anisotropic because of 
the anisotropy of their Fourier transforms given by formulae ()12[) . (|13p and (|14p . 

Remark 5. We believe that TheoremU] is sharp in the sense that it provides the right exponents 
of the singularities of Hq, Kq and K^ near the origin. 

This description is also available in terms of L^-spaces. 

Corollary 1. Let 1 < j, k < N and q G [l,+oo[. The functions Hq, Kq and x l - 5k ' 1 K k respec- 
tively belong to L«(B(0, 1)) if q < q < ffEg ^ Q < mzk- 

The proofs of Theorems and E] rely on the form of the Fourier transforms of Hq, Kq and 
.Kfc. By formulae (|12p . (|13p and (|14p . they are rational fractions given by 

^eR N \{0},R(0 = r^- 4 , (15) 

where P is some polynomial function on R of the form 

N j 

V£ g r n ,p(£) = nr j . (16) 

Theorems [3] and (H and Corollary [1] follow from more general results for tempered distributions 
/ whose Fourier transforms f = R are rational fractions of the form (I15p -(|16p, Indeed, we can 
compute explicitly the algebraic decay of such distributions. 

Proposition 1. Let f be a tempered distribution on l w whose Fourier transform is of the form 
([Tljl - ljlo]) . and denote 

N 

d = ^dj = d l + d ± . (17) 

3=1 

Assume moreover that d ^ if N = 2 and d\ + 2dj_ < 4. Then, f belongs to the space 
M™_ 2+d (B(0,l) c ). 

Likewise, we can describe their singularities near the origin. 

Proposition 2. Let f be a tempered distribution on l w whose Fourier transform is of the form 
(I15p -(ll6 p . Assume moreover that d ^ if N = 2, and d\ + 2d± < 4 where d and d± are defined 
by (fT7|) . Then, there exists some A > such that for every x £ B(0,1) \ {0} , 

(xl + \x ± \) N -*+$ +dj -\f(x)\ < A(l + 8 Nt2 8 dltl 8 dxt0 \ ln(|x|)|). (18) 
In particular, if d\ + 2d± < 4, / belongs to L q (B(0, 1)) for every 

1 ^ q< 2N-T + 'd! + 2d ± - (19) 

Likewise, if (d±, d±) = (2, 1) or (d%, d±) = (4, 0), the functions x Xjf(x) belong to L q (B(0, 1)) 
for every 

2N - 1 

^" < 2N- 6 + dl + 2 dl < 2 °» 
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Remark 6. When (di,d±) = (2,1) or (d±,d±) = (4,0), the distribution / is not a function in 
L) (B(0, 1)). The singularities of / near the origin can present some principal values at the 
origin or some Dirac masses (see Lemma|3f- However, the distributions Xjf are in Lj oc (B(0, 1)), 
so we can study their L 9 -integrability. 

The first step of the proof of Propositions [T] and [2] consists in inductively describing the 
derivatives of / = R, in particular their singularities near the origin and their integrability at 
infinity. Then, by standard integral expressions, we deduce the behaviour of / near the origin 
and at infinity. More precisely, we first derive the form of the derivatives of R. 

Proposition 3. Let 1 < j < N and p G N. Let us consider a rational fraction R on M. N which 
satisfies formulae (|15p and (|16[) . Then, the partial derivative d^R is given by 

V£ G M. N \ {0}, a?u(e) = ^.f^SLi . ( 21 ) 



where Pj )P is a polynomial function on W N . Moreover, there exist some A p > such that the 
function P\ tV satisfies 

V£ G B(0,l) c ,\PiAO\ <A P Yl ma X {|6|,l} dl+3p - 4fc |e±| 2W± , (22) 

<k<±L+?E 

G B(0, 1), |P 1)P (£)| < A p \^ +d \ (23) 
where d± is defined by (|17p . Likewise, if j > 2, the function Pj tP verifies 

V£€B(0,l) c ,|P iiP (OI <A P Yl max{|e ± |,l}^ +p - 2fc max{|6|,l} dl+4fc , (24) 

o<fc<iU^ 

V£eB(0,l),\P 1>p (0\ <A p \C\ p+d ^. (25) 

Remark 7. By linearity, similar estimates hold for any rational fractions of the form (|15|) (where 
P is any polynomial function on M. N ). However, all the rational fractions considered here will 
satisfy (fT5j) and (fl~6j) . so, in order to simplify some computations, we will not investigate this 
point any further. 

The analysis of Proposition [3] is sufficient to describe the singularities of the derivatives of R 
near the origin and their integrability at infinity. 

Proposition 4. Let 1 < j < N, p G N and q G [1, +oo]. Let us consider a rational fraction 

N 

R on 1^ which is of the form (|15p - (|16p . and denote d = ^dj = d\ + d±. Then, the partial 

.i i 

derivative djR belongs to M^ 2 _ rf (S(0, 1)). Moreover, if 

p > di + 2d ± - 4, (26) 
the partial derivative d^R belongs to L q (B(0, l) c ) for 

2N-1 
p + 4 — d\ — 2d± 

while it belongs to L°°(B(0, l) c ) for 

p>d 1 + 2d_ L - 4. (28) 
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Likewise, if j > 2 and 

P > y + d ± - 2 ' ( 29 ) 
i/ie partial derivative cf^R belongs to L q (B(0, l) c ) for 

2N-1 

q > 2 P + 4- dl -2d ± > (30) 



while it belongs to L°°(P(0, l) c ) for 



P > y + d± - 2. (31) 



Remark 8. By linearity, similar estimates hold for any rational fractions of the form (|15|) (where 
P is any polynomial function on 



Remark 9. We believe that Proposition U] sharply describes the singularities of <9jP near 
the origin and its integrability at infinity. We believe that this function does not belong to 

2JV-1 

M~(P(0, 1)) for any a > p + 2 - d, while &{R and c^R do not belong to I"+ 4 - i i- M i (5(0, l) c ) 

2JV-1 

rfi 



and L 2 P+ 4 - d i~ 2d ± (P(0, l) c ) (except for p = d x + 2cZj_ - 4, respectively p = ^ + d± - 2). 

Then, our argument links the behaviour of the tempered distribution / to the behaviour of 
the derivatives of its Fourier transform R given by Propositions [3] and HI This relies on explicit 
integral expressions which already appeared in [7] and [9], and which are described in the next 
lemma. 



Lemma 1. Let f be a tempered distribution on R such that its Fourier transform belongs to 
C°°(R 7V \ {0}). Let us assume moreover that there are some 1 < j < N and such that 

(i) WfeL\B(Q,lY), 



III 



fVei 1 ^,!)), 



(Hi) \.\$>feL\B(0,l)). 

Then, the function x \— * Xjf(x) is continuous on R^ and satisfies for every A > 0, 

vx g r n , a*f(x) = ( I qTiQJ^dt + 1 / ^~ l nm 

J (2vr) iV \Jb(o,xy j aJs(o,X\ 



+ [ a?f(0(e™-t-i)dA 

Jb(o,x) J 



(32) 



Lemma [TJ links the algebraic decay of a distribution / at infinity, or its algebraic explosion 
near the origin, to the integrability of some derivatives of its Fourier transform /. Indeed, it 
is sufficient to prove that the right-hand side of equation f|32|) is uniformly bounded on P(0, 1) 
(or P(0, l) c ) to infer that / belongs to M p °°(P(0, 1)) (or M p °°(P(0, l) c )). In particular, Lemma 
Q] seems relevant to study the algebraic decay of the tempered distributions / whose Fourier 
transforms R satisfy (I15|) -(|16p. or their singularity near the origin. Indeed, Proposition |4] yields 
a lot of information on their integrability. However, some derivatives of R are not sufficiently 
integrable at infinity to satisfy the assumptions of Lemma [H In order to overcome this difficulty, 
we prove the next alternative of Lemma [TJ 
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Lemma 2. Let 1 < j < N, A > 0, and Ze£ f be a tempered distribution on M. N such that its 
Fourier transform belongs to C°°(M Ar \ {0}). Assume moreover that there exist some 1 < p < m 
and A > such that 



(i) e r\{o}, 1/(01 <A(\cr + m, 

(a) v(fc, e)e{o,.,p}x s(o, i), \a\ N ~ p+k \a*f(o\ < a, 

(Hi) dffe L\B(Q, If), 

(w) VJfe € {0, . . . ,m - 1}, / € L«™- fe (S(0, l) c ), 

where r < N , s > 0, 1 < q k < j^rr if 1 < k < N — 1, and 1 < q^ < +oo if k > N . Then, the 
function x i— ► x p f(x) is continuous on Uj = {i£ R , sc_j 7^ 0}, and satisfies for every x G fij, 

TO-1 , . ^p_fc_i 



J ( 27r ) V Jb(o,a)= ^ A / S(0)A ) 

A J5(0,A) JB(0,A) / 



(33) 



The assumptions of Lemma[2]are tailored for tempered distributions whose Fourier transforms 
are rational fractions of the form (|15p - (|16p . However, the proof of Lemma [2j which results from 
Lemma Q] and some integrations by parts, can be adapted to other distributions which do not 
necessarily satisfy all the hypothesis of Lemma [2J 

By Proposition U we now apply Lemma [2] to some tempered distributions / whose Fourier 
transforms are rational fractions of the form (I15I )- (I16I ). 



Proposition 5. Let j G {1, . . . , N}, A > 0, £lj = {x G R , Xj 7^ 0}, and let f be a tempered 
distribution on whose Fourier transform R is of the form (|15p - (|16p . Assume moreover that 
d 7^ if N = 2, and d\ + 2d± < 4, where d and d± are defined by (|17p . Then, the function 
x i — > x Pj f(x) is continuous on and is given for every x G flj by 



x p /f(x) 



1 I I i„.\Vi-m* / a m j u/ t:\Jx.i At , \ I %X 3> 



(27T) 



N 



JS(0,\) A JS(0,X) JB(0,X) 

( e ^-l)A 



where pj = N - 2 + d, mi = 2N - 4 + d\ + 2d±, and if j > 2, rrij = N - 2 + d. 

Remark 10. Here, we make two additional assumptions. Indeed, if d = and N = 2, all the 
derivatives of R are not integrable near the origin. Therefore, we cannot expect to prove some 
formula like (|34p for /. On the other hand, the assumption d\ + 2d± < 4 is only technical. 
Lemma [2] requires some integrability at infinity for the derivatives of R. This is not possible 
for the derivatives of low order if d\ + 2d± > 4. However, we believe that Lemma [2] can be 
improved to compute a formula like (|34p even in the case d\ + 2d± > 4. Since it is not useful in 
our context, we will not investigate this point any further. 
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Formula (|34p links the algebraic decay of / at infinity (or its algebraic explosion near the 
origin) to the integrability properties of R. Indeed, it suffices to choose A = A, and to bound 
the right-hand side of formula (134ft by Proposition [3] to obtain the algebraic decay of / stated 
by Proposition [TJ Likewise, we choose A = - — - , and bound the right-hand side of formula 

\Xj\ J > 

(|34p by Proposition H] to establish the algebraic explosion of / near the origin. Thus, the main 
interest of formula (|34p is the possibility of choosing A in the most fruitful way. In particular, 
we can adapt the value of A to the anisotropy of our problem to obtain the anisotropic estimates 
(US]) of Proposition EJ 

Finally, Theorems [3] and [U and Corollary [1] are direct consequences of Propositions Q] and [2j 
They correspond to the cases (di,d±) = (1,0) for Hq, (di,d±) = (2,0) for Kq and (di,dj_) = 
(2 + 1 - for K k . 



Pointwise limit of the kernel Kq at infinity 

The integral expressions of Lemmas Q] and [2] have another important application: the compu- 
tation of the pointwise limit at infinity of Kq, that is the limit when R tends to +oo of the 
function 

R i-> R N Ko(Ra — y), 

for every a G S^ -1 and y G R N . 

Theorem 5. Let a G and y G R N . Then, 

R N Kq(R(t — y) —* -^(1-JVof). (35) 



R-^+oo 27rl 



Theorem [5] results from formula (|34H . Indeed, by Proposition \5\ the kernel Kq satisfies for 
every j G {1, . . . , N} and x G % = {x G R N , xj / 0}, 

i N f r — m J~} ( 7> \N-k-l 



x?K (x) =-— w (-ixj) N -^ / dpK (Oe^d£ + £ 

Z j dfK (Oe ix M + \ f Zjd?- l K (0<%+ I d?K (0 ( 36 ) 

A JS(0,X) JB(0,X) 



5(0,A) 



where mi = 2N — 2 and mj = N if j > 2. By applying the dominated convergence theorem to 
this formula, we obtain for any j G {1, . . . , N} such that <7j ^ 0, 

B»K (R*-v) - TT-^n{- I df +1 l%me l ^di + - f & c ** 

H-f+oo(27T(7 J -) iV V^i Vs(0,l) c ^ CFj J S N-i 

dfi^(£K+/ / (37) 

J§JV-i iB(0,l) 



Here, the distribution i is the so-called composed Riesz kernel given by 

J? 

lei 2 

To complete the proof of Theorem [5l it now remains to prove that the right-hand sides of 
equations (|35l) and (|37|) are equal. 



i?i,i(0 = 17T2- (38) 
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Theorem 6. Let 1 < j < N , y G M JV and a G S^" 1 suc/t i/iai <jj / 0. Then, 



gf^i(Ode+/ ^f~ 1 Ci(£R+ / 3fCi(0 ( 39 ) 



(e^ - ) . 



Theorem [6] follows once more from Lemma [21 and from an explicit formula for Ri i. Indeed, 
by standard Riesz operator theory, the composed Riesz kernel Ri\ is equal to 

/ s r (f)/ f\x\ 2 -Nx 2 \ \x\ 2 -Nx 2 \ 6 

RlM = ^Jf [Py [ \ xl N + 2 - lB(0,l)j + ' ' |xr+2 - 1^(0,1)^ + (40) 



(U|2_jy a ,2 \ 
nrw+2 1 1-B(0,1) ) i s * n e principal value of the 

function x t— > ■^pvT2^ i l_B(o,i)( x ) a ^ the origin, which is defined by 

V0 G Cq°(R n ), (pW +2 1 1^(0,!) U) = / 1 1 (0(s) - H0))dx. (41) 

x V l x l / ' Jb(o,i) \ x \ 

Then, formula ([39]) is a consequence of expression (fiOj) . 

The main interest of Theorem [5] lies in the computation of the first order term Voo of the 
asymptotics of v. Indeed, the computation of will result in subsection 2.5 from the compu- 
tation of the pointwise limit of Kq. However, formulae ([7]) and ()35[) already emphasise the link 
between the pointwise limit of Kq and v^. 



Rigorous formulation of equations (fPUl) and (fTTI) 

We conclude our study of Hq, Kq and K k by giving a rigorous sense to the convolution equations 
(|T0]) and (HH). 

Indeed, let us consider equation (jlOH . By Theorem [3] and Corollary [H the kernel .Ho belongs 
to L q (R N ) for every ^ < g < §^5±. However, we will prove in Theorem [8] that the functions 
v and Vv belong to L q (R N ) for every 1 < q < +oo. Therefore, the function v p d\v belongs 
to L 1 (M iV ). Thus, by Young's inequalities, equation (|10p makes sense in L q {U. N ) for every 
W^l < 9 < 2AT-4 - ^ n particular, it makes sense almost everywhere, which will be sufficient in 
the following. 

Likewise, by Theorem [3] and Corollary [TJ the kernel Kq belongs to L q (JsL N ) for every 1 < q < 
) an d hy Theorem El the function v p+1 belongs to L 1 (R N ). Thus, equation (fTT]) makes 
sense in L 9 (R Ar ) for every 1 < q < 2N-3 > ano - consequently, almost everywhere. 

However, we will also consider the gradient of v. In particular, we will take the gradient of 
equation (jlip . which leads to another difficulty. Indeed, by Theorem HI the first order derivatives 
of Kq, given up to a multiplicative coefficient by K k , have non-integrable singularities near the 
origin. We are not allowed to differentiate the convolution equation (jlip without additional 
care: we cannot write 

d k v = -^—d k K * V P +1 . 
p+l 
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Our method to overcome this difficulty is reminiscent of some classical arguments in distribution 
theory, using integral formulae. Indeed, by Theorem [3] and Corollary [H the kernel Kq has first 
order partial derivatives in the sense of distributions, which are equal to 



8 k K = i K k l B(0A) c + i PV(K k l B(0tl) ) + ( f K { 



o{y)ykdy)S , 



where PV{K k 1^(0, 1)) denotes (as above for the composed Riesz kernels) the principal value at 
the origin of K k 

G C o °°(£(0, 1)), < PV(K k l B{0>1) ), >= / K k (x)(4>(x) - <f>(0))dx. 

JB(0,l) 

Thus, provided we know sufficient smoothness for v p+1 , we will be able to take the derivative of 
equation (|lip and to obtain an explicit integral expression for its derivative. 

Lemma 3. Let us consider a function f G C°(Wt N ) such that 

(i) f£L™(R N )nM™ p+1) (R N ), 

(ii) V/ G L°°(R N ) N , 

and let g = Kq * f . Then, g is of class C 1 on R . Moreover, its partial derivative d k g is given 
for every x G M, N by 



d k g(x)=i K k (y)f(x-y)dy + i K k (y)(f(x - y) - f(x))dy 

JB{0,1) C Jb(o,i) 



+ / K (y)y k dy f(x). 



(42) 



The function v p+1 will satisfy the assumptions of Lemma O so we will be able to give a sense 
to the gradient of equation (fTTI) and to complete our asymptotic analysis of v. 



1.2.3 Decay properties of the solitary waves 

In this section, we establish the algebraic decay of a solitary wave v and of its gradient. In 
particular, we extend to any dimension N > 2 the decay properties stated by A. de Bouard and 
J.-C. Saut [5j in dimension N = 2. 

Theorem 7. Let v £Y be a solitary-wave solution of speed 1 of equation (pQ). Assume that < 
p < 2N-3 ■ Then, v belongs to M^(R N ), while its gradient Vv belongs to M^ in ^ p+1 ^ N N+1 y(M. N ). 

Theorem [7] relies on a standard argument which is reminiscent of a series of papers by J.L. 
Bona and Yi A. Li J], A. de Bouard and J.-C. Saut [5j, and M. Maris [II] pi] (see also [7] 
[9] ) . This argument links the algebraic decay of the solitary waves to the algebraic decay of the 
kernels of the convolution equations they satisfy. These algebraic decays are identical, because 
the nonlinearity v p+l is super linear. 

To get a feeling for this claim, let us consider the simplified model 

f = K*r, 
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where we assume that q > 1, / and K are smooth functions such that / belongs to L q (M. N ) for 
every 1 < q < +00, and the kernel K belongs to L 1 (R Ar ) and to M^(M. N ) for some ax > 0. In 
order to study the algebraic decay of /, we write for every x G R N and a > 0, 

\x\ a \f(x)\ <a( [ \x-y\ a \K(x-y)\\f(y)\«dy+ [ \K(x - y)\\y\ a \f(y)\ q dy 
V Jr n Jr n 

^(II^IIm^K^II/III/^R^) + II-^IIl 1 (K jv )II/IIa/?>(IR jv ))- 

The function / now belongs to L q (R N ), while the kernel K belongs to L 1 (R 7V ) and to M™(R N ), 
provided < a < ax- Therefore, if < a < ax, equation (@3|) reduces to 

II/IIm«(r^)<^ + ^II/IIL»cr W )- (44) 

Equation (|44p links the algebraic decay with exponent a of / to its algebraic decay with exponent 
2. In particular, if we know some algebraic decay with a small exponent Qo > 0, a bootstrap 
argument yields that / belongs to M^(R N ) for a = qao, a = q 2 a>o, that is for every 
a G [0,0k]. This provides a striking optimal decay property for superlinear equations. Indeed, 
assuming / possesses some algebraic decay, then, / decays as fast as the kernel. However, some 
decay of / must be established first in order to initiate the inductive argument. 

The situation is more involved for the function v and for the kernels Hq, Kq and K^. The 
main difficulties come from the singularities near the origin of the kernels. In particular, in the 
case of iffc, we must adapt our argument to equation (|42p . which is no longer a convolution 
equation. 

However, in order to perform the argument above, we first need to determine some integra- 
bility and initial decay for v. Indeed, we already know the integrability and the algebraic decay 
of Hq, Ko and by Theorems [3] and HI and Corollary [TJ The integrability properties of v follow 
from the following theorem due to A. de Bouard and J.-C. Saut [HE] in dimensions N = 2 and 
iV = 30. 

Theorem 8 ([HE]). Let v G Y be a solitary-wave solution of speed 1 of equation ([1]). Assume 
that < p < 2N-3 ■ Then, v is bounded and continuous on M. N . Moreover, the functions v, Vv 
and d\v belong to L q (R N ) for every q g]1, +00 [. 

Remark 11. Another interest of Theorem [8] is to give a rigorous sense to equations (jlOp . (jlip 
and (|42p (which was already mentioned in subsection 1.2.2). 

It now only remains to compute some initial decay for v. We deduce it from the next 
proposition due to A. de Bouard and J.-C. Saut [5j El- 
Proposition 6 ([5]). Let v £Y be a solitary-wave solution of speed 1 of equation ([1]). Assume 
that < p < ■ Then, 

[ \x\ 2 (\Vv(x)\ 2 + \dfv(x)\ 2 )dx < +00. (45) 

Proposition [6] gives very weak decay for the gradient of v and its second order partial deriva- 
tive d 2 v. In particular, it does not provide local algebraic decay, but integral algebraic decay. 
However, it is sufficient to apply the inductive argument above and to prove Theorem [3 

2 The proof of A. de Bouard and J.-C. Saut is still relevant in any dimension iV > 4. Therefore, we will omit 
the proof of Theorem [SJ and refer to [S] for a detailed proof in any dimension N > 4. 

3 A. de Bouard and J.-C. Saut [5] proved Proposition [6] in dimensions two and three. However, their proof is 
still relevant in any dimension iV > 4. Therefore, we will omit the proof of Proposition [6] and refer to [5] for more 
details. 
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1.2.4 Asymptotics of the solitary waves 

Theorem [7J establishes the decay properties of a solitary wave v and of its gradient. In order 
to complete the proof of Theorem [lj we now compute the first order asymptotics of v, i.e. the 
limit when \x\ tends to +00 of the function x *—>■ \x\ N v(x). Our argument is reminiscent of [9] 
and relies once more on the convolution equation (jlip . 

Indeed, by equation (lllj) . this computation reduces to compute the limit when R tends to 
+00 of the functions vr defined by 

Va G S^" 1 ,^^) = R N v(Ra) = —— / K (R* - y)v^\y)dy, (46) 

and to prove that this convergence is uniform on the sphere S^ -1 , provided p > i. Here, we 
first invoke the dominated convergence theorem for formula (|46p to compute the pointwise limit 
of v R . 

Proposition 7. Let v G Y be a solitary-wave solution of speed 1 of equation ([!]). Assume that 
< p < 2N-3 ■ Then, 

T(-) f 

Va e § N -\vr(o-) -» VoD (a) = N {2 > (1 - Naft / W +1 (y)dy. (47) 
R-^+oo 2n^~(p+l) J~M. N 

Indeed, by Theorem[SJ the integrand of formula (pTOj) satisfies for every y G M. N and a G S^ -1 , 

R N K (Ra - y)v^ l (y) -> N V 2 ' (1 - iV^)^ +1 (y). 

2vr^(p+ 1) 

Then, it remains to dominate this integrand by means of Theorems El S] and [8] to obtain Propo- 
sition [Tl 

Then, we apply Ascoli-Arzela's theorem to prove the uniformity of the convergence. 

Proposition 8. Let v G Y be a solitary-wave solution of speed 1 of equation ([T]). Assume that 
jr <P< 2W=3- Then > 

\\vr - Voollzwsiv-i) „ -> 0. (48) 

R— >+oo 

Indeed, we already know the existence of a pointwise limit at infinity, so Ascoli-Arzela's theo- 
rem gives the uniformity of the convergence. However, this theorem requires some compactness: 
we deduce it from the algebraic decay of the gradient of v. Provided p > this gradient 
belongs to M^, 1 (1R JV ) by Theorem [71 Therefore, the gradients on the sphere S^ -1 of the func- 
tions vr are uniformly bounded on S^ -1 . This yields the compactness result necessary to apply 
Ascoli-Arzela's theorem, and to prove assertion (|48|) . 

Remark 12. Our argument based on Ascoli-Arzela's theorem fails to prove the uniformity of 
the convergence when < p < i. However, the nonlinearity v p+1 is less and less smooth at the 
origin when p tends to 0. Therefore, the convergence may be no longer uniform when p is too 
small. 

This concludes the proof of Theorem [TJ which is a direct consequence of Theorem [71 and 
Propositions [7J and [8l 
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1.3 Plan of the paper 



The paper splits into two parts. The first part is devoted to the analysis of Hq, Kq and K^. 
In the first section, we establish some properties of the rational fractions of the form f)15[) - (| 16[) 
stated in Propositions [3] and [H In the second one, we prove Lemmas [T] and [2] to obtain the 
integral formula (134D : it is the starting point of the proofs of Propositions [TJ and El The third 
section deals with the algebraic decay of Hq, Kq and K^ at infinity, and their explosion near the 
origin, stated in Theorems [3] and [H and Corollary [TJ The fourth section is concerned with the 
pointwise limit of Kq obtained by Theorems [5] and El while in the last section, we prove Lemma 
[3] to give a rigorous sense to the derivative of the convolution equation (fTTj) . 

The proof of Theorem [T] forms the core of the second part. The first section is devoted to 
the proof of Theorem [71 which gives the optimal algebraic decay of a solitary wave and of its 
gradient. In the second one, we conclude the proof of Theorem [1] by computing the asymptotics 
of a solitary wave in Propositions [TJ and El In the last section, we focus on the standard 
Kadomtsev-Petviashvili equation. We link the asymptotics of a solitary wave to its energy and 
its action by proving Theorem [2j As mentioned above, Theorem [2] follows from the standard 
Pohozaev identities derived by A. de Bouard and J.-C. Saut in [3] □. 

Lemma 4 ([!])• Let us consider some positive real number p and a solitary-wave solution v G Y 
of speed 1 of equation (pp). Then, the following identities hold for every k G {2, . . . , N}: 

r / 2 N 

/ (-v{x) 2 + v(x)P +2 -3d lV (x) 2 + y" Vj (x) 2 )dx = 0, (49) 

Jrn V p + 2 / 

J— z 

f r 2 - \ 

j r n r (x)2 " (p + i)( p + 2) v ^ x)P+2 + dlV ^ x)2 ~ 2vki - x)2 + J2 v i( x ) 2 ) dx = °> ( 5 °) 
r i N 

/ (v(x) 2 v{xf +2 + d l v{x) 2 + y^v j (x) 2 )dx = 0. (51) 

J R N V p+1 j-~< J J 

Finally, we mention another consequence of Lemma [H the non-existence of non-trivial solu- 
tions of equation ([4"D in Y when p > 2 ns m an y dimension N > 4 Q 

Corollary 2. Let us consider a solitary-wave solution v E Y of speed 1 of equation ((TJ and, 
assume that N > 4 and p > on-i ■ Then, v is constant. 



2 Main properties of the kernels Hq, Kq and 

In this part, we state some properties of Hq, Kq and K^. We first study their algebraic decay 
at infinity and their explosion near the origin. These follow from the integrability properties of 
their Fourier transforms using some integral expressions. Then, we compute the pointwise limit 
at infinity of Kq, before deriving rigorously equations flTOJ), (fTTj) and (|42]) . 

2.1 Properties of the Fourier transforms of the kernels H , Kq and K k 

This first section is devoted to the analysis of Hq, Kq and K k . By formulae (|12[) . (|13p and (|14|). 
they are rational fractions of the form (|15p -(|16p. In Proposition [3l we describe the derivatives of 

4 A. de Bouard and J.-C. Saut [4] actually proved Lemma[4]in dimensions two and three. However, their proof 
is still relevant in dimensions N > 4, so we refer to [4] for the proof of Lemma [4] 

5 A. de Bouard and J.-C. Saut 4 already proved their non-existence in dimensions two and three. 
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all the rational fractions of this form. Here, the main difficulty comes from their anisotropy in 
the direction £1: we must distinguish the terms including the variable £1 and the other terms. 
More precisely, Proposition [3] results from the next inductive argument. 

Proof of Proposition By induction, the derivatives d?R satisfy equation (j2~Tj) . Here, Pj tP 
are polynomial functions on given by 

P 1 di)=PK)=ntf, (52) 

In particular, the inductive definitions of Pj iP are different according to j = 1 or j > 2. Thus, 
we split our analysis into two cases depending on the value of j. 

Case j = 1. The polynomial function P 1)P is given by 

^o = E G ^)i^i 2fe g£ m ( 53 ) 

fc=0 J 

where the functions a/% iP are polynomial functions on M. Indeed, by formulae (|52p . if the function 
Pi jP is of the form above, the function Pi,p+i is given by 

Pi, P+ i(0 = £ ((lai 2 + 6 2 + £iK, P (£i) - 2(p + 1)(6 + 2d 3 )o fcj p(6)) ie±l 2fc n 

k=0 3 

Therefore, with the usual convention a_i p = 0, the functions a/c p are inductively given on k G N 
by 

a fc,o(£0 = < 5fc,o€i 1 ' 

a fe)P+ i(6) =4_ 1)P (^i) + (£? + £iK, P (£i) - 2(p + 1)6(1 + 2£ 2 K P (£i). 

Thus, they are polynomial functions on R. Moreover, letting c4 jP = deg(afc iP ) G N U {-co} be 
their degree (with the usual convention deg(0) = — oo), we obtain 

d k ,p+i < max{d fc _i )P - 1, d k>p + 3}. 

It follows by induction that 

dk, P < di + 3p — 4/c. 
Therefore, we deduce from equation ([53]) that 



V£ G P(0,l) c ,|P liP (OI < A p Y, ma X {|6|,l} dl+3p - 4fc |e±| 2fc+d± , 

0<fc< d 1 +3p 



which leads to inequality 

On the other hand, by equations (I52p and a straightforward inductive argument, either the 
function Pi iP is identically equal to 0, or its terms of lowest degree are of degree v i iP > d\ + d± +p. 
In particular, it follows that 

e b(o, i), |p 1iP (oi < ^ler 1 - < A p \^ +d ^ +p , 

which is exactly inequality (|23p . 
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Case j > 2. The polynomial function Pj p is given by 

+00 

^*(0 = EM^i* + *. (54) 



fc=0 



where the functions 6fc iP are polynomial functions on M. N 1 . Indeed, by formulae (|52p . if the 
function Pj iP is of the form above, the function Pj, p +i is given by 



+ OO , s 

*W0 = E ( 9 iM^)(ei + i^i 2 ) - 2(p+ 1)^(^1) )e? fc+dl - 

fc=0 ^ ' 

Hence, with the usual convention 6-i, p = 0, the functions bk tP are inductively given on k S N by 



N A 



h,o(£±) =h,o n £ 

3=2 



&fc,p+l(£jj =<9.A-2,p(£l) + <9j&fc-l,p(£l) + |C±| 2 5j6 fcjP (^_L) - 2(p + 

Thus, they are polynomial functions on R^ -1 . Moreover, letting d' k = deg(6fc jP ) € NU {—00} 
be their degree, we obtain 

4, P +i < max{4_ 2 ,p - 1>4-1, P - 1 >4, P + !}• 
It follows by induction that 

4, P < dj_ + p - A; - ^(A;), 
where i^(/c) = if k is even, and u{k) = 1 if k is odd. Therefore, equation (|54p leads to 

1^(01 <A P ( £ max{|e±|,l}^- p - 2fc |6| 4fc+dl 

+ E ieii 4fc+2+di max{ie±i,i}^- p - 2fc - 2 ') 

0<2fc+l<dj_+p ' 

<A p £ max{|a I , l}^-^- 2fc max{|ei | , l} 4fc+dl , 

<fc<iL+P 

for every £ S B(0, l) c , which is inequality (|2"3]l. 

On the other hand, by equations (|52p and a straightforward inductive argument, either the 
function Pj yP is identically equal to 0, or its terms of lowest degree are of degree Vj p > d\ +d± +p. 
In particular, it follows that 

ve g 5(0, 1), |p jiP (oi < A p ier^ < vi p iei di+ ^ +p , 

which completes the proof of Proposition O 

Proposition yields estimates of the derivatives of the rational fraction R, which are suffi- 
ciently sharp to describe the singularities of its derivatives near the origin, and their integrability 
at infinity in Proposition HI 

Proof of Proposition^ Let us first consider the behaviour of <9^i? near the origin. By equation 
(f2"Tj) , and estimates (j23|) and ([25]) of Proposition [3l we have 

\mo\<A P r J^ + " < - l " 



• ( |^|2 +C 4 )P+ 1 - |£|p+2- d > 
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for every £ G 5(0, 1). Therefore, the function belongs to M^ 2 _ d (.B(0, 1)). 

Then, let us consider the integrability properties of 9jR at infinity. By equation (f2Tj) . and 

inequalities (|22p and (|24p of Proposition (3] we can estimate the L 9 -norm of d p -R for every 

q G [1, +oo]. However, estimates ([22]) and ([24"]) differ because of the anisotropy of R. Thus, we 
split our study into two cases depending on the value of j. 

Case j = 1. We first assume that q < +oo. Then, from Proposition El 

r p+oo 

/ \8%R{Q\ 9 d£<A J2 / Jq(d 1+ 3 P -4k), q (2k+d ± ),q(P+l)( r ) dr ' ( 55 ) 

Jbw < fc <^ 

where we denote for every A G [1, +oo[ and (a,/?, 7) G (R+) 3 , 

7 m - f max{|6|,irmax{l,|q|}^ 

^s(o,a) iifr + si) 7 

However, by using spherical coordinates x = (rcos(#i), . . . , rsin(#i) . . . sin(6>7v_i)), an d the suc- 
cessive changes of variables u = tan(#i) and v = -^=, we compute 

, , m i^„_L« o„ maxjcosf^i), \\ a 



(1+A2COS(01)4)T 1 

Thus, for every A > 1 and {a,/3,j) G (K+) 3 , 



(57) 



Hence, by equations (15511 and ([57 



/ \d$R(t)\«d£ <a[ +C °( r N-l+ q (d 1+ d±-p-4) +r N-Z+ q (^+d±-Z-2)\ dr _ 

JB{o,iy Ji V / 

In particular, if iV - 1 + g(di + d 1 - - p - 4) < -1 and N - § + <?(^ + c/- L — f — 2)<— 1, the 
derivative <9fi? belongs to L q (B(0, l) c ). However, by assumption ([2"S[) . this system of inequalities 
reduces to 

2iV- 1 

9 > 



p + 4 - di - 2d ± ' 
which completes the proof of assertion (j27p . 

Let us now consider the case g = +00. It follows from Proposition [3] that 

\PR{t)\<A V ™*{\Ul} dl+3p - 4k \Z±\ 2k+d - 

0<fc< d 1 +3p 



for any 



<^(max{e?, ien^-i + ^" 2 + 

£ G R N . Hence, the function d^i? belongs to L°°{B(0, l) c ) if assumption ([28]) holds. 
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Case j > 2. We first assume q < +00. Then, from Proposition [3] and definition ([56 
r p+00 

/ \djR(0\ qd £ < A Y] / ^(4fc+d 1 ),g(d x +p-2fc),g(p+l)( ? ")^ 

o<*;<iU^ 



so, by formula (Jo 

/ |eR(£)| 9 ^ < A [ +0 °r N -$ (r? + ^+ 2d± - 2 P-V+r^ +dX - p - 2 Adr. 
JB{a,iy Ji V / 

In particular, if assumption Il29j) holds, the function <9^i? belongs to L q (B(0, l) c ) for 

2JV- 1 
q > 2p + 4 - di - 2d ± ' 

which completes the proof of assertion (|30p . 

Let us finally consider the case g = +00. We deduce from Proposition [3] that for every 

?e^\{0}, 

lop^,^ V- max{|^|,l}^^- 2fc max{|a|,l} 4fc+dl 
0<fc<il^ 

<A( max{£?, |e|}^+^- p - 2 + max{|e±|, l}^- p - 2 



+ max{|ei|,l} (il+M± - 2p - 4 V 



Hence, the function <9ji? belongs to L°°(B(0, l) c ) if assumption (|31j) holds, which concludes the 
proof of Proposition 2) 

2.2 Integral representations of some classes of tempered distributions 

In this section, we derive the integral expressions of Lemmas [T] and and Proposition [5J They 
link the properties of a tempered distribution / with the properties of the derivatives of its 
Fourier transform (in particular, when this Fourier transform is a rational fraction R of the form 
()15p -(|16 p ). For the sake of completeness, we first show Lemma [T] (which is probably well-known 
to the experts and which already appeared in a slightly different form in [7] and [9]). Indeed, 
though it cannot be applied to our kernels, Lemma[T]is the key ingredient of the proof of Lemma 

m 

Proof of LemmaUl Let us consider A > 0, and ip £ C%°(Wt N , [0, 1]) such that 

f supp(V) CB(0,2A), , , 

\ Vx G B(0,X),ip(x) = 1. 1 j 

By standard duality, we have for every g £ 5(R ), 

< x P f,g>= < tff,$g > + < a£f, (1^*5)0 > 

=iP(- < ^Id^g) > + < flj?/, (1 - #7 > )■ 

However, by assumptions (z) and (z'z), and the smoothness of /, the tempered distributions ojjf 
and d v ~ x J belong to ^(5(0, A) c ) and ^(5(0, 2A)). Hence, by assumption ([58]), 

< x P f,g >=i p (-[ d^fiOd^gmn + / ^7(0(1 " ^(OMO^) • (59) 
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However, by assumptions (Hi) and (|58p . and integrations by parts, 

/ ^fmWgXtW = - [ ?/(0(&«) - - ^ 

Jb(0,2X) Jb(o,x) a 

JA<|^|<2A 

while by assumptions ([58]) . 

/ a?/(0(i - ^(0M£)d£ = / s?/(0(i - muz)** 

Jb{o,\y J\<\i\<2\ 

+ [ ^mum- 

JB(0,2\y 

Hence, equation ([59]) becomes 

< x y,g>=ip( f aj/(e)( 5 (o-5(o)K + ^r / d VKmjdi 

\JB(0,\) A JS(0,X) 

+ I a$f(t)g(t)dt) . 

JB(0,\)c J 

However, since g is in S(M. ), it satisfies 

y^R N ,g^) = -J— [ g(x)e ix ^dx, 
yliT) J r n 

which yields 

< xP jf>9>=7^ w [ a(x)( I ^/(C)( e ^-iK + y / G^/m 

+ / &my x M)dx. 

JB(o,\y J 

Therefore, by standard duality, the tempered distribution x v -f is equal to the tempered distri- 
bution defined for every x £ by 



(2vr) iV \Jb(oa) j A J5(o,a) j 

JB(o,\r J 



(60) 



'B(0,A) c 

Indeed, by assumptions (i) and (m), $ belongs to Lj (M. N ) and satisfies 

VxeM w ,|$(x)| <A(l + \x\). 

Therefore, $ is well-defined on 'R N and is a tempered distribution. Moreover, it is continuous 
on M. N by assumptions (i) and (Hi) once more, and a standard application of the dominated 
convergence theorem. Thus, the function x i— > x^f(x) is continuous on M> N and verifies formula 
([32]) by equation (160]) . 

Then, Lemma [2] follows from Lemma [TJ 

Proof of Lemma\M Let us consider e > 0, and let f £ denote the tempered distribution defined 

by 

y^^ N ,M) = m)e- £ie . (6i) 
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The functions f £ decay much faster than / at infinity. In particular, we can apply Lemma Q] to 
them, which is not always possible for /. Thus, Lemma [2] results from applying Lemma [T] to 
f £ , and after several integrations by parts, taking the limit e — * 0. In order to do so, we first 
establish some properties of f £ . 

Step 1. Let (j,p) G {1, . . . , N} x N. The function % belongs to C°°(R N \ {0}) and satisfies 

V£ G M. N \ {0},flj£(fl = ^^^r fc /(0^(^i)e- £|?|2 . (62) 

fc=0 

Here, the functions Sk are polynomial functions on M of degree less or equal to k. In particular, 
Sq is identically equal to the constant function 1. 

Indeed, let us consider the function \& given by 

Vx E R,*(a?) = e~ x \ 

By induction, there exist polynomial functions (Sk)k&n on R such that 

V(z,fc) eKx N,*^(x) = 5 fc (x)e- x2 . 

Moreover, the degree of Sk is less or equal to k, and So is identically equal to 1. 
However, the function f £ is in C , °°(lR Ar \ {0}) and satisfies by formula (|6ip . 

v^GR iV ) / e (0 = /(an*(Vi6)- 

fe=l 

It follows from Leibniz' formula that for every j G {!,..., N} and p£ N, 



p 



V£ G 1^ \ {0},3?/ e (0 = £cje*£f fc /(05 fc (^)c- ' 1 



k=0 

which completes the proof of Step HJ 
We now apply Lemma Q] to f £ . 

Step 2. Let j G {l,...,iV} and A > 0. The function x \— > Xjf £ (x) is continuous on 
Moreover, it is equal to 



Vx G R^x /eW = — -^f / ^MQe^M + T / tj^MQdt 
( 27r ) \JB(0,X)c *Js(o,\) 

(■ ~ \ (63) 



Indeed, by formula (|6ip . / £ is a tempered distribution on R whose Fourier transform is in 
C 00 ^ \ {0}). Moreover, 



ve g 5(0, i) c , i^/ £ (oi < a £ J2 \a\ k \dr k m)\e 



k=0 



by formula (|62p . and the functions c^/ belong to L qm - k (B(0, l) c ) for every fc G {0, . . . ,p} by 
assumption (iv), so, the function (¥■ f £ belongs to L 1 (B(0, l) c ). On the other hand, by formula 

p-i 

ve g b(o, i), |sf <a e J2 \^ k Ro\, 

k=0 
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so, by assumption (ii) 



p_1 A 
V£ G B(0, 1), \(?- l f £ {t)\ <A £ ^2 \^ N+k < ' 



Hence, 1 / e is in L 1 (S(0, 1)). Likewise, by formula (|62p and assumption (ii), 



V£ei?(o,i),K||0P/ e (OI < 



ler- 1 ' 

so |.|fl^/ e also belongs to L 1 (S(0, 1)). Finally, f e satisfies all the assumptions of Lemma[TJ Thus, 
the function x i— > x p -f e {x) is continuous on M. N and satisfies equation (|63p . 

We now integrate equation (|63p by parts in order to compute formula (|33|) for f e . 

Step 3. Xei Qj = {x G IR^, a?j 7^ 0}. Then, for every x G fij, 

^ w w ( ( -^ r m L, + £ L, ^ (64) 

A JS(0,X) JB(0,X) J 

Indeed, let us consider the integrals defined for every x G Clj and k G {p, . . . , m} by 



4(x) = (-is,-)"* / ^/ 6 (0e^de. (65) 

JB(0,A) c 

By formula ([62]) . we compute 

k 

V£ G B(0, l) c , \dHf e (Z)\ <A^2 \t\ l \dt l f(.0\e- £ie - 

1=0 

Since the functions d]f are in C 00 ^ \ {0}) and L q ™- l (B(0, l) c ) for any I G {0,... ,m} (with 

g m = 1) by assumptions (iii) and (iu), the derivative dj f e belongs to L 1 (S(0, l) c ). Thus, the 
integral Ik(x) is well-defined for every x G flj. 

Moreover, an integration by parts of ifc(a;) leads to 

VfcG{p,...,m-l},4(x)=4 +1 (x)+ ( ~^ x ) / tfUOZ^dt, 



so, by summing this identity for any k between p and m — 1, 

m— 1 



1 /" ^ 



fc=p 

which gives by definition (|65|) . 



Jb(q,x) c JB(o,xy 
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Then, equation (|64p follows by replacing the first term in the right-hand side of equation (|63[) 
by the expression just above. 

In order to derive formula (|33p . it only remains to study the convergences when e tends to 
of both sides of equation (|64p . We begin by the convergence of the left-hand side. 

Step 4. Let j G {1, . . . , N}. Then, 

xpe ^x^f mV'(R N ). (66) 
Indeed, by standard duality, we have 

Moreover, by assumption (i) and formula (|6ip . f e is in L 1 (M. N ), so 

< x p 3 f £ , ^>=i? [ / e (£)0?fe)d£ = i P I M)^me~ m2 di. 

J JRN J J R N J 

On the other hand, it follows from assumption (i) that 
Therefore, by the dominated convergence theorem, 

JR N JR N 

However, by assumption (i), the function / belongs to Lj 0C (R ), so, by standard duality, 

/ f(0%mdti = (-i) p <x P j f,<i>>. 

Finally, 

< X P fe,<P> -»•< X P J,(p>, 
J e— >0 J 

and the distribution a^/ e converges towards a^/ in V'{R N ). 

Then, we consider the convergence of the right-hand side of equation (|64p . 

Step 5. Let g : 0,j \—* M 6e i/ie function defined for every x G fij 6y 

£f/(0e fe - f de + T / 0^ _1 /(0^ + / d?f(0(e lx -Z - l)dA . 

A Js(o,x) Jb(o,\) J 

Then, g is continuous on Clj and satisfies 

x]f e -«inC(0 3 ). (68) 

Indeed, by assumptions (ii) and (Hi), the functions d™f and \.\dPf respectively belong to 
L 1 (B(0,X) c ) and L 1 (B(0, A)). Moreover, the function / is in C 00 ^ \ {0}). Therefore, by 
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equation (|67p and a standard application of the dominated convergence theorem, g is well- 
defined and continuous on 



Moreover, equations (|62j) . (|64|) and (|67j) lead to 
(2tt) n 



iP V ^ 

m—l 

k=p 

p-1 



p—k—l 



B(0,A)= ^ 



A 



S(0,A) 



(69) 



for every x£(]j. Then, assumption (iv) and Step [T] give for the first term in the right-hand side 



k=1 JB(o,xy 



C k m e^df- k J{i)S k {^ 3 )e- ' " 



<AY,ehdf- k J\\ 



L q k(B(0,\) c ) 



k=l 



B(0,X) c 



<AJ2^ 2 2q ' k 



k=l 



\s k m^e-^\ 2 de 



where q' k = _ qu , . Moreover, we know that 



9fc-l ' 



K Qk < 



N 



N -k 



ii 1 < k < N — 1, and 1 < q k < +oo, otherwise. Therefore, there is some 5 > such that for 
every k G {1, . . . , m}, 

2 2,< - 

Hence, we obtain 



m „ 

£ / c4 e ta-- fe 7(05 fe (^)e- £|?|2+ ^ 



(70) 



Then, by Step [T] and the smoothness of / on S^O, A), the second term in the right-hand side of 
equation ([69j) satisfies 



m—l 

£ 

k=p 



(-ixj) 



\p— fc— 1 



^CieW k - l m)Si(^j)e- e ^ +lx M 

S(0,A) ^ 



m—l 



(71) 



Likewise, by Step Q] and the smoothness of f on 5(0, A), the third term in the right-hand side 
of equation (|69p verifies 



< ^£2. 



(72) 
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Finally, by Step Q] and assumption (ii), the last term in the right-hand side of equation (|69p 
verifies 



Jb(o,x) ^ 

f p 

<A\x\e^ / V |£| fc_JV+1 d£ < Ae*\x\. 
Jb(o,x) f— \ 



(73) 



'B(O.A) fc=1 

Thus, equations ([69]), ([70]), ([71]), dZ2]) and ([73]) give 

(m-l x 
+ e?(l + |x| + J] ki| p_fc-1 ) ) • 
fe= P ' 

Therefore, the functions x i— > x p -f £ converge towards g in L^ c (£lj) when e tends to 0. 

Finally, by assertions ([66]) and ([68]) . and the uniqueness of the limit of the functions x i— ► 
the function x i— ► is identically equal to g on In particular, by Step it is continuous 
on Qj and satisfies equation (j33H , which concludes the proof of Lemma EJ 

Then, Lemma [2] yields the integral expression (|34p of Proposition [5] for the tempered distri- 
butions / whose Fourier transforms are rational fractions R of the form (115p -(fl~6|). 

Proof of Proposition Let pj = N - 2 + d, mi = 2N - 4 + di + 2d± and rrij = N - 2 + d if 
j > 2. In order to prove formula (|34p . we apply Lemma [2] to / with p = pj and m = rrij. 

Indeed, by Proposition 0] the tempered distribution / satisfies all the assumptions of Lemma 
[21 By formulae (|15j) -(|16 j) . its Fourier transform R belongs to C°°(R \ {0}) and satisfies 

^eR N \{0},\R(0\<A^\ d + \^\ 

Thus, since d ^ if N = 2, assumption (i) is satisfied by /. 

Moreover, by Proposition U there is some positive real number A such that 

V(fc, € {0, . . . ,N - 1} x B(0, 1), \Z\ k+2 - d \d*R(t)\ < A. 

Therefore, / verifies assumption (ii) with pj = N — 2 + d. 

On the other hand, by Proposition [4] the function d™' R belongs to L 1 (i?(0, l)) c . Moreover, 
since d± + 2d± < 4, the function djR belongs to L q (B(0, l) c ) for every k G {0, . . . , — 1}, when 
1 > ini-k = (i+SjJk+A-d^d^ • In Particular, we compute 

v* 6{1 ,...,*- 1} „j=£4< w 



2JV-A; JV-fc' 
while for every j G {2, . . . , iV}, 



2N - 2k + di N — k 

Therefore, the distribution / also verifies assumptions (Hi) and (iv) of Lemma [2] and we can 
apply it with p = pj and m = rrij. Thus, the function x \— > x Pj f(x) is continuous on and 
formula ([34"]) holds by equation ([33]) , 
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2.3 Algebraic decay and explosion near the origin of the kernels H , K and 



This section deals with the proofs of Propositions [T] and [2] (which immediately yield Theorems [3] 
and HI and Corollary [T]) . Their proofs follow from expression (I34p of Proposition We estimate 
it for any value of A before choosing it either to compute the algebraic decay at infinity or the 
explosion near the origin of the considered distribution. Let us begin by the algebraic decay 
properties of Proposition Q] and Theorem [3l 

Proof of Proposition^ By Proposition [5j the functions x \—* x p - j f{x) are continuous on flj 
for every j £ {1, . . . , N}. Therefore, the restriction of / to \ {0} is continuous. Moreover, 
by choosing x G B(0,1) C , j £ {!,..., N} such that \xj\ > -^=, and A = j^y, we infer from 



Proposition H] and formula (|34|) that 



kr- 2+d i/(^)i<^^OT(K-r 2+d ^( / wntM 



N-2A 



,..\N-2+d V 1 31 \ / , . 1 J 

\ , \ " I iiV-3+d-fc / "S 



+ 1 ^Itl^-i |£|"V+2-d J + 2^ l^' 1 /„,. ! , |t|fc+2-d 

R <I€I<1 151 / fc=Ar_ 2 +d ^^(O.r) l?l 



Hence, since \xA > -7== and m 7 - > JV — 2 + d. 

V AT J 



| JV ~ 2+d |/(a:)l < Ajvd^l^ 2 ^^' + 1) < 



AT- 



Thus, the distribution / belongs to M^_ 2+d (B(0, l) c ). 
Then, we deduce Theorem [3l 

Proof of Theorem^ Theorem[3]is a direct application of Proposition Q] with (d\,d±) = (1, 0) 
for H , (d 1 ,d±) = (2,0) for K and = (2 + 6 k ,i, 1 - <5fc,i) for K k . 

We now turn to the study of the singularities of / near the origin. 

Proof of Proposition [B We first derive the local estimates (JTHJ) for /. Then, we describe its 
singularities in terms of L^-spaces. 

The proof relies on expression (|34p . Indeed, the distribution / satisfies the assumptions of 
Proposition O Therefore, by the same argument as in the proof of Proposition [H its restriction 
to B(0, 1) \ {0} is continuous. Moreover, its restriction satisfies equation (|34f) . Thus, it remains 
to bound the second term of equation (|34p independently of x to obtain the local estimates f)18[) . 
However, there are at least two difficulties. The first one results from the form of equation (|34p . 
Indeed, this equation is suitable to give the optimal algebraic decay of /, but not its optimal 
algebraic explosion near the origin. More precisely, an ingenuous way to estimate the last term 
of equation (|34p consists in writing by Proposition U 



fif/(0(e fa -*-l)de 
B(0,A) 



<a\ x \ [ \^f(o\\m+A [ \d* j mm 

Jb(o,i) Ji<\€\<* 
<A|x| + A\. 



By this argument, we cannot expect to prove (for any choice of A) that this term is bounded by 
j4|xj| rf for some A > and d G N, which is actually the goal of Proposition [2J Thus, in order 
to precisely describe the singularities of / near the origin, we integrate by parts the last term 
of equation (J34|h 
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Indeed, consider j £ {1, . . . , N}, A > 1 and x £ B(0, 1) D By Proposition the functions 
A*/ belong to L l {B{0, A)) for every < k < pj. Therefore, by integrating by parts the integral 
above, we deduce for any integer 1 < qj < pj, 



[ ^mw x4 - m = E ( * x ; r / ^^- k nm - [ 

Jb(o,x) a Js(o,\) Js t , 



Hence, equation ([55]) becomes 



(2vr)^V ./b(o,a)° fe t^ 



A 



■>S(0,A) ^ A J 5(0iA) 

Jb(o,\) J 



?(0,A) 

In particular, the argument used above to bound the integral on B(0, A) now gives by Proposition 

H 



e ix *$ j ~ qj f{£)de, 
B(0,A) 



<A\ Xj \« ( [ \^~ 9i mm + [ \^ 9j mm) < A X \ Xj \«. 

\Jb(o,i) J1<I5I<a / 

Therefore, by choosing qj and A appropriately, we can now sharply describe the singularities of 
/ near the origin. 

However, the anisotropy of the considered distributions is a second difficulty Their explosion 
near the origin is not the same in every direction, so we split our analysis into two steps: first, 
the case of the direction x\, second, the case of the directions Xj with j ^ 1. In particular, we 
choose different values of qj and A according to the value of j. 

Step 1. Estimates of f near the origin in the direction x\. 

Let us consider x £ B(0, 1) fl 12 1 and A > 1. By Proposition the restriction of / to 
-B(0, 1) fl f?i is continuous and satisfies by equation ([75]) . 



ft - J^T 1^.-, |mi-l-fe r 

\x x r\f{ X )\<A[ \drmm+ e ^4 — / itf/coi&i^ 

V-/B(0,A)c fc= ^ 9i A J S{0)X) 



Jb(o,x) J 



(75) 



where we denote as above p\ = N — 2+d and m\ = 2N — 4+d\ + 2d±, and choose q\ = min{pi, 2} 
[§. Then, the first term in the right-hand side of equation (175h verifies by Proposition [3] and 
equation ([56]) . 



^i+3mi-4fc,2fc+(i ± ,mi+l(^)^j 



6 Indeed, since d 7^ if -/V = 2, qi satisfies in any case 1 < qi < pi. 
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so, by equation ([57]) . 

r>+OG 



/ \d^f(0\d^<A r -5dr<-=. (76) 



'B(0,A) 

Likewise, Proposition EJ and equations (|56|) and ([5711 lead to 



/ l6ll<9i7(£M<A £ Jl- Wl +3fc-4i,2I-Hi J .,* + l(A)<^- 3+ ^+ d ^-t. (77) 
^(0,A) ^ 



for every p\ — q\ < k < mi — 1. Finally, by Propositions [3] and [U and equation (|56l) . the last 
term in the right-hand side of equation (I75j) satisfies 



/ K~ qi mm < [ \d p 1 i - qi f(o\dc+ [ i^mm 

JB(0,X) Jb(o,i) Ji<\£\<\ 

<A + A ^ / Jd 1 +3pi-3qi~4k,2k+d ± ,p 1 -q 1 +l(r)dr, 

< fc < jl±3gj-3gi 1 

which gives 

f ^ / JV-3+d i +Oi \ 

/ |0T" 9 7(£M < A(l + (1 - 5)A + <51n(A)) , (78) 

by equation ([qT)) (with 5 = o~N,20~d 1 ,i3d ± ,o)- Then, it follows from equations (f75j) . ([75]) . ([77|) and 
([7H} that 

A -|+ £ ^ i |2iV-5+ dl+ 2d i -* A iV-4 +(i±+ i^ 
fc=pi- ( j 1 

JV-3+d ± + ai 



Fll 

+|x i r-^+« (l + (1 - ^A 1 ^^ + 51n(A) N 
However, since \x\ < 1, we can set A = \ > 1 to obtain 

kiri/(^)| < A^xil + |x!| 3 + \ Xl \ N ~ 2+d ^ [1 + S\ In! I n ! )| 
and to deduce the estimate of / near the origin in the direction x\: 

|xi| 27V - 5+dl+2 ^ |/(x)| <A(l + 5 N>2 S dljl 6 d±j0 \ ln(M)|) . (79) 
Step 2. Estimates of f near the origin in the directions Xj, j ^ 1. 

Now, we consider the singularity of / near the origin in every direction Xj with j £ {2, . . . , N}. 
In order to do so, let x 6 -8(0, 1) Pi £lj and A > 1. Then, equation (fTlj) yields 

\xtf'\f(x)\ <a( f \q>T(£M + E^^ / 

V^(0,A )C ^ ^(0,A) (8Q) 



Jb(o,\) j 



IB(0,\) 

di+1- 



where we let pj = N — 2 + d and choose qj = min{k 6 N,fc > ~ J ^~} ~ $ with 5 = SN,2^di,i^dj 
as above 0. On one hand, by Proposition [3] and equation (j56l) . 



r r+oo 

/ i^rnm < A E / j^ + d U d ±+Pj -2k, P]+ i( r ) dr 

JB(o,xy d +p . Jx 



7 Indeed, since d if -/V = 2, qj satisfies in any case f < qj < pj. 
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so, by equation (|5"T|). 

n+OO 

?(o,A) c " Jx r ~2~^ A" 2 

On the other hand, Proposition [31 and equations ([56]) and ([571) yield 



/ mm < * — <— • (si) 

JB(0,\r JX r a A 2 



(A) 

' S, " A ' o<K Pj ~* +d± (82) 

di+l 



2 



<A\ 2" 

for every 1 < k < qj . Finally, we deduce from Proposition [3] and equation (|56p , 

/ \^ j ~ 9j mm<[ \d* i ~ qj mm+ [ i^mm 

Jb(o,x) Jb(o,i) ^i<ICI<a 

E / J 4fc+«*l,d±+Pj-«*-2*J'j-9!j+l( r ) dr ): 



0<fc< P ^ +di 



which yields by equation (f57j) . 

/ |^^/(e)|de<^(l + (l-<5)A^ + *+^ln(A)). (83) 



?(0,A) 

Then, it follows from equations (|50" ]) . ([5T]> . I[g2jl and ([85 |) that 



A — + M^f -1a- -**-+») + \ Xj \v (l + (1 - 5)A— 



fc=i 

+5m(A)' 

However, since \x\ < 1, we can set A = j^-j > 1 to obtain the estimate of / near the origin in 
the direction x,-: 



-* +d± \f(x)\ <A(l + 6 N>2 6 dl>1 6 d±j0 \M\xj\)\)- (84) 
Step 3. Proof of the local estimate ([18D . 



Estimate (|18p follows from Steps [T] and [2j Indeed, assume first that N = 2, d\ = 1 and 
<ij_ = 0. Since the restriction of / to 5(0, 1) \ {0} is continuous, equations (f79l) and (|84l) yield 
for every x G 5(0, 1) \ {0}, 

|/(x)| < Amin{| ln(|xi|)|,| ln(|x 2 |)|} < A\ ln(|x|)|, 

which is exactly estimate (|18p . Likewise, if iV 7^ 2, di 7^ 1 or d± 7^ 0, the restriction of / to 
5(0, 1) \ {0} is also continuous, and equations (f79j) and (184]) give for every x £ 5(0, 1) \ {0}, 



(4+\x±\) <^(k 1 i 2w - 5+di+2 ^+^ix J r~i+^)i/(x)i 

i=2 



which concludes the proof of estimate (fT8l) . 
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Step 4. L q -integrability of f near the origin. 



We now turn to the integral estimates of / near the origin. They follow from the local 
estimates (fT8l) by a standard argument of distribution theory. Indeed, let j G {1, . . . , N} and 
let fj and gj denote the tempered distributions defined on R w and R^ \ {0} by 

fi zf: <*» 

9j - x j J\R N \{0}- 

Here, 5' is equal to 1 if (di,d±) = (2,1) or (di,d±) = (4,0), and 0, otherwise, while /|rjv\{o} 
denotes the restriction of / to R^ \ {0}. As mentioned above, /|Riv\{o} is actually continuous 
on R^ \ {0}, so gj is also continuous on R \ {0}. Moreover, equation (I18p gives 

for every x £ R N \ {0} (with 5 = 5 Nt2 5 du i6 d± , ands = iV-| + ^ + d±). Thus, if N = 2, 
d\ = 1 and d± = 0, we compute for every q > 1, 

f \ gj (x)\ q dx <A f | \n(\x\)\ q dx < +oo, 

JB(0,1) J B{Q,1) 

so the distribution gj belongs to L q (B(0, 1)) for every q > 1, which is the desired result. 
On the other hand, if iV ^ 2, d\ ^ 1 or d± ^ 0, equation (f86|) leads to 

f I \ x \ q& ' 

\ \gi( X Wdx < A j rr dx, 

for every q > 1, which gives 

/■l / r- ..;.,/«. ,.V-2. 

\gj(x)\ q dx <A I 

'£(0,1) 



M jl - io Wo (rcos^O+sm^))^* 



1 / /-+oo „,AT-2 



< A / r 2JV-2+ 9 («'-2 S ) ( / 2 (l+ rV) gs »^ ^ r 

/o (1 + Wl + r 2 ti 2 )<? s 





by using the spherical coordinates and the change of variables u = tan ^ 6>1 - . However, we compute 
for every r €]0, 1], 

+oo u N-2 {1 + r 2 u 2 )q s-f du ^ , ,1 dM ,+oo ^ 

(1 + Wl + r 2 u 2 )9* - V A u<^+ 2 Ji u 2 

so 

ho ° nf(l + rVf-f^ ( 1 



o 



(l + nVl + r 2 ^ 2 )^ | A7 . 9S -jv+i 



if 




> N - 


1 


if 




= N — 


1 


if 


qs 


< N — 


1 



Thus, we deduce 



\gj{x)\ q dx < A < 

B(0,1) 



- 1 ^ 



if 


qs 


> N- 


1 


if 


qs 


= N- 


1 


if 


qs 


<N- 


1 
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Hence, the distribution gj belongs to L q (B(0, 1)) for 

2N-1 

which is exactly condition (|T9j) if 5' = 0, and condition ([20]) if 5' = 1. 

We now deduce the same result for fj. Indeed, gj is continuous on 1^ \ {0}, and belongs 



to L 1 (i?(0, 1)). Therefore, it defines a distribution on the whole space (and not only on 
the subset M. N \ {0}). Then, it follows from definition (|85p that the support of the distribution 
fj — gj is included in the singleton {0}. By Schwartz' theorem, there exist some integer M and 
some real numbers X a such that 

|a|<Af 

However, by Proposition [T] definition (]85j) and the proof above, the distribution gj belongs to 
L«(fl(0,l)) for every 1 < g < m -^^ [ - y , and to L«(5(0, l) c ) for every g > ■ 



Therefore, it belongs to L 9 (R JV ) provided 



JV 2N-1 



N - 2 + d - 6' 2N - 5 + di + 2d± - 6' 

In particular, if N > 4 — 2d, gj belongs to some space L q (R N ) with 1 < q < 2. Therefore, its 
Fourier transform g~j belongs to L q (M") (where g' = tzj)- Then, since equation (|87p gives for 
almost every £ £ 1^, 

7_1 ( 



|a|<M 

the distribution ^ belongs to ^'(IR^) if and only if all the real numbers X a vanish. Finally, by 
equation ([87]) . the distribution fj is equal to gj if iV > 4 — 2d. Thus, /j belongs to L q (B(0, 1)) 
when condition $5$ (if <5' = 0) or condition (gDJ) (if 5' = 1) holds. 

Assume now that N < 4 — 2d. In this case, the coefficient 5' is necessarily equal to 0, and 
we can simplify our notation by letting g denote the distributions gj above. Moreover, let /' 
denote the tempered distribution whose Fourier transform is 

where d'j = dj + 25j t \ for every j G {1, . . . , N}, and g', the restriction of /' to the set M. N \ {0}. 
On one hand, since d[ > 2 and N < 4 - 2d, we obtain that d' ^ if N = 2, d[ + 2d' ± < 4 and 
N > 4 — 2d' (with the usual notation d' = d^ + . . . + d! N = d\ + d' ± ). Hence, by the argument 
above, the distribution /' is equal to g' . On the other hand, by equation ([55]) . the distribution 
/' is equal to —Off. Likewise, by definition ([55]) . is equal to —dfg. Thus, equation ([57]) leads 
to 

= /'-<?' = £ X a d\d a 5 a . 

\a\<M 

It follows that all the real numbers A a vanish. Therefore, the distribution / is equal to g: 
it belongs to L q (B(0, 1)) when condition (|19f) holds, which completes the analysis of the L q - 
integrability of / near the origin and the proof of Proposition [2] 
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Finally, Theorem 0] and Corollary [T] follow from Proposition [2j 

Proof of Theorem^ Theorem H] is a direct consequence of equation (fTHl) with (d±, d±) = (1,0) 
for H , (di,d±) = (2, 0) for K , and (di,d ± ) = (2 + 5 k>1 , 1 - S k>1 ) for K k . 

Proof of Corollary [0 Likewise, Corollary Q] follows from conditions (|19p and (|20p with 
(di,d ± ) = (1,0) for flo, (<M±) = (2,0) for K , and (di,dj.) = (2 + 5 k , x , 1 - <J M ) for Jf fc . 



2.4 Pointwise limit at infinity of the kernel i\" 

This section is devoted to the proofs of Theorems [5] and [H Since the proof of Theorem [5] 
requires formula (|39p of Theorem [6l we first show Theorem [6j However, their proofs follow from 
the same argument: the use of explicit integral expressions. Indeed, we apply Proposition [5] 
to Kq to compute formula (|36|). while we apply Lemma [2] to R\ t i to get formula (|33|) . Then, 
we make use of the dominated convergence theorem to compute the limits at infinity of such 
expressions, and to prove that they are equal. Finally, we obtain an explicit expression of this 
limit by formulae and lj4l|) . 

Proof of Theorem^ As mentioned above, our argument relies on expression (I33p . Indeed, 
the kernel R\ i satisfies all the assumptions of Lemma [2j By formula (|38p . its Fourier transform 
is bounded on M. N \ {0} and belongs to C°°(R \ {0}). Therefore, assumption (z) holds with 
r = s = 0. Moreover, we compute for every j G {1, . . . , iV} and n G N, 

veeM Ar \{0},|^Ci(OI<^- 

Hence, assumptions (ii) and (in) hold with p = N and m = N + 1. Moreover, the function 
dj'Ri^i belongs to L q (B(0, l) c ) for any q > q^+i-n = ^- In particular, we notice that 

iV iV 
Vn G {1, . . . , N - 1}, q n = -^r— < 



N+l-n N -n 

Thus, the kernel R\ \ also verifies assumption (iv) and we can write by Lemma[2]for every A > 
and x 6 flj = {i £ R N , xj ^ 0}, 



(2vr) JV V^i Ju(o,A)- J Axj y 5(0jA) 

A JS(0,A) JB(0,A) / 



On the other hand, by formulae (j40|) and (|4ip . the restriction of R% t i to R \ {0} is given by 

V* g R^ \ {0}, Rlil (x) = r( | )N , 2 "^ , 

so equation (|89|) becomes for every x G Hj, 

r (f)kl 2 -^i _ g (if d N+1 RTi(£)e ix -td£ + — ! £e ix * 
27r f \x\»+* ~ (2nx i r{xJ mx) ^ Kl ' me ^ + XxJ s{0 ^ e 

A i5(0,A) JB(0,A) / 
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In particular, if we consider y G M. N , a G S w 1 , with <jj 7^ 0), and R > (with i?|<Tj| > 2|yj|), 
we compute for x = Ra — y and A = after the change of variables u = R£, 



m\°-u 2 -*^- v -k) 2 



N 

2vrT 



- f ))" - 1 Jew R n+1 



Rj 



V7 , 



R N 



^-R^Ujdu (90) 



+ 



B(0,1) 



R N 



II 



In order to get formula (|39h . it now remains to compute the limit when R tends to +oo of all 
the terms of equation (|90p . Here, we make use of the homogeneity of Indeed, by formula 
(138 j) . the function i?x i is a homogeneous rational fraction of degree 0. Therefore, the partial 



derivative d^R^i is a homogeneous rational fraction of degree —k. Thus, equation (|90|) becomes 



r(f)k 



3/ |2 



iVfa - § ) 2 



•V 



N 



k-^r +2 



(M^ - 1 )) JV - 1 ^(0,1) 



3 



e^-&- u du+ f d?~ 1 RTi(u)u j du + ( df Ruiuje^-R^Ujdu (91) 



+ 



5(0,1) 



df R x>1 {u){e i{ ~ a -%)- u - l)du 



We now invoke the dominated convergence theorem to compute the limit of the right-hand side 
of equation ([91]) . Indeed, by homogeneity of the partial derivatives of we compute for the 
first term in the right-hand side, 



Vu G B(0, l) c , af +1 R 1A {u)e^- * 



J 



< 



A 



\N+1 - 



Likewise, the third term in the right-hand side satisfies 



3 jV-l 



Vu G § 

while the fourth term verifies 

\fu G 5(0, 1), dfR^i(u)(e i( - a -^- u - 1) 



< 



A 



17V— 1 



<A, 



y 

a 

R 



< 



A 



N-l 



provided R > 2\y\. Therefore, by taking the limit R — > +oo in equation (|9ip . the dominated 
convergence theorem yields 



;N 



N 

2tt~ 



df +l R 11 (u)e la - u du+ I dfRn(u) 

J /<C1 AT 1 ** ' 



B(o,iy 



§JV-1 



e ta - u Uj du ) + / Uj df- l Ri x(u)du + / dfRi i(u)(e l< ™ - l)du ) , 

/ JbN-i 7/3(0,1) / 

which is exactly formula ([39]) . 

Then, we deduce the pointwise limit of Kq given by Theorem [5j 

Proof of Theorem^ Let a G E> N ~ 1 and y G H. , and consider some j G {1, . . . , iV} such that 
(Xj ^ and some R > max{2|y|, ^jp}- The kernel Kq fulfils all the assumptions of Proposition 
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[5] with di = 2 and d± = 0. Therefore, by equation (|34p . formula (|36|) holds with mi = 2N — 2 
and rrij = N if j > 2. In particular, after the change of variables -u = R£, this formula becomes 
for x = Ra — y and A = , 



^ — ' \ V R) ' /siv— i i? 



k=N 



'B(O.l) 

Then, denoting TV,- = max{iV + l,mj}, we claim that 



fe=JV ^ 



(93) 



Indeed, by Proposition 0] (with d\ = 2 and dj_ = 0), the function B^Kq belongs to L 1 (B(0, l) c ) 
for every k > mj. Thus, equation (193j) results from equation f)92[) by several integrations by 
parts of the integral on B(0, l) c . 

In order to get formula (|35p . it now remains to compute the limit when R tends to +oo 
of equation (193)) . In particular, we must compute the limit when R — ► +oo of the functions 
u i — > R~ k djKo(^) for any fc G {iV — 1, . . . , iVy}. Thus, we must describe more precisely 8jKq. 

Indeed, the Fourier transform Kq satisfies all the assumptions of Proposition [3] with d\ = 2 and 
d± = 0. Therefore, by equations (pTj) . ([23]) and ([25]) . the partial derivative djKo is equal to 



(\t\ 2 +£ 



Vfc G N,V£ G 1^ \ {0},d^ (6 = ^/^L , (94) 



where Pj^ is a polynomial function on M w which satisfies, 

V£ G 5(0,1), fc (0| <^-|£| fc+2 . (95) 

Moreover, denoting 

veGR JV ,p J - )fc (e) = ^Q i (c), (96) 

8=0 

where Qj is a homogeneous polynomial function either equal to or of degree i, we claim that 
the non-vanishing function Qi of lowest degree is equal to 

V£ G R N ,Q l0 (O = ie| 2fe+2 ^Ci(0- (97) 
Indeed, the partial derivative djRi t i(£) satisfies by induction, 



2fc+2 • 
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where the functions are polynomial functions given by 

So(0 =& 
S k+1 (0 ^tfdjSkiO - 2(k + i)&s fc (0. 

In particular, the polynomial function Sf- is of degree k + 2. Likewise, by equations (|52p . the 
functions P^ are given by 

^•,o(C) =£, 

Therefore, the homogeneous term of lowest degree Qi of P,^ satisfies exactly the same equation 
as <Sfc. Hence, the function Qi is equal to Sk, which leads to formula ([9?]) . In particular, the 
degree io of Qi is equal to /c + 2. 

We now compute the limit of the function it i— > R~ k djKo(^) when P tends to +00. Indeed, 
by equations (|M|) and ([9"B]) , we compute for every k 6 N and it 6 1^ \ {0} , 

£ fl fc+a -*Q<(«) 



J u Vp; (H2 + p-2 u 4)fc+i' 

which gives by equation ([9~T]) . 

^ F »©H^|pi=^W. (98) 

Finally, we invoke the dominated convergence theorem to compute the limit of the right-hand 
side of equation ([93]) . Indeed, the first term in the right-hand side of equation ([93]) becomes by 
the change of variables u = P£, 



),l) c ^ti' 1 Jl<\u\<R V ^ 

+ / R N - N W^K (Oe i{Ra - yU dt. 

JB(0,1) C 

On one hand, by Proposition [5] the function d? 1 Kq belongs to L 1 (P(0, l) c ), so 

f RF-"id? i K (t)e i &-® M du<B> f - N i [ \d?iKo(0\<% -> 0. 

JB(0,iy JB(0,1) C R^+oo 

On the other hand, by equations ([94]) and ([95]) . 



VI < Id < P, 



< 



u\ N i 



so, since iVj > N + 1, by the dominated convergence theorem and assertion ([981) . 

/ p-^af J P:of^)e i (' J -fl)- M dn -> / af J P^i(n)e i<T -"dn. 

Hence, we deduce 

f R-^df'Kof^je^-it^du -> / af J P^i(u)e iCT - u du. (99) 

JB{0,1) c R-^+oo J B (0,1)'= 
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Likewise, equations (fMj) and ([95]) give 

Vu G S^ 1 
for every k £ {N, . . . , Nj — 1}, and 



< A 



Vu6§ 



N-l 



Uj R d j K \^- 



<A, 



while the last term in the right-hand side of equation (193j) verifies 

A 



Vu € 5(0, 1), R- N d?K (^)(e^-^ - 1) 



< 



IJV-1 



y 

a 

R 



< 



A 



IN-1 ' 



provided R > 2\y\. Hence, by assertion ([98]) . and the dominated convergence theorem, 



E 

k=N 



RJJ 



giV-1 



R k 



- ! — — a du + I ?l^lL(A— D-u 



l)du 



R^+oo 



k=N 



\N-k-l 



d^R l! i(u)e ia - u u j du+ I df~- 1 R 1 ^(u)u j du 



+ / d?R ll (u){e la - u - l)du. 

JB(0,l) 

Thus, it follows from equations ([93]) and ([99]) that 



R N K (Ra-y) 



;iV 



v 



d pR 1A {u)e la - u du 



+ E(- 



\N-k-l 



k=N 



gJV-l 



d^R^iiuy^Ujdu 



+ / df^Rr ii^ujdu + I df R 1 i(u)(e ta - u - l)du. 

S(0,1) ' 



(100) 



Then, in order to obtain assertion (|35h . we integrate by parts the first term in the right-hand 
side of equation (jlOOp , Indeed, the partial derivative djRi t i belongs to L l (B(0, l) c ) for every 
k > N + 1, so, after several integrations by parts, equation (jlOQ[) becomes 



R Kq(R(t — y) 



R^+oo (27TC7 j) N \(Tj Jb(0,1) 



df +1 R ll {u)e ia - u du + — / e iaM 



dfR^ 1 {u)du+ I df- 1 R^i{u)u j du+ j df R 1}1 {u) 



5(0,1) 



l)dit 



Then, assertion (|35p holds by formula (|39p . which completes the proof of Theorem [5j 
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2.5 Rigorous derivation of the convolution equations 



We now aim at rigorously deriving the convolution equations ()10p . (jlip and (|42p . Indeed, our 
analysis of the asymptotics of the solitary waves relies on these equations. 

In the introduction, we already proved that equations fllOf) and (jlip hold almost everywhere. 
However, we will also consider the gradient of equation (jlip . whose derivation is rather more 
difficult. In order to give it a rigorous sense, we establish equation (J42]), which holds for smooth 
functions / with sufficient decay at infinity. In particular, the function v p+1 satisfy such as- 
sumptions by Theorems [7] and El which gives a rigorous sense to the gradient of equation ([TO . 

Let us now establish Lemma [3l 

Proof of Lemma\^ Let k G {1, . . . , N} and let us consider the function h k given by 

Vx G R N , h k (x) =i [ K k {y)f{x - y)dy + i [ K k (y)(f(x - y) - f{x))dy 

JB(o,iy Jb(q,i) £ 1Q1 ^ 



+ / K (y)y k dy\f(x). 

Our proof splits into two steps. The first one states the continuity of g, hi, . . ., /ijv ° n K , while 
the second one establishes that the partial derivative d k g of g in the sense of distributions is 
equal to h k . Then, we conclude that the function g is of class C 1 on R^ and that its first order 
partial derivatives are given by formula (|42p . 



Step 1. Continuity of the functions g, hi, . . ., hjy. 



The function / is continuous on R , so, by assumption (i), it belongs to L q (JH N ) for every 
> 1. It follows from Young's inequalities that the function g is well-defined in L q (M N ) for 

2N-3' 



every 1 < q < 2N-\ ■ ^ n particular, it is given for almost every x G R^ by 



g(x) = / K (y)f(x - y)dy. (102) 

Jr n 

Moreover, the kernel Kq belongs to L 1 (i3(0, 1)) by Corollary [TJ Therefore, by continuity of /, 
assumption (i) and a standard application of the dominated convergence theorem, the func- 
tion g\ \ x i t Jb(oi) Ko(y)f( x ~ y)dy is continuous on Mr. Likewise, the function g2 : x i— > 
Ib(o i) c Ko(v)f( x ~ v)dy is continuous on W N . Indeed, consider xo G M. N and compute by 
assumption (i) and Theorem O 

Vx G B(x , 1), Vy G B(0, l) c , \K (y)f(x - y)\ < 

This gives 
and 



y\ N (l + \x -y\N(p+l)y 
VI < \y\ < |x | + 1, \K (y)f(x - y)\ < A XQ , 
Vy £ B(0,\x \ + l) c ,\K (y)f(x - y)\ < 



A 



|y|iV(l + (|y|_| Xo |_ 1)^+1)) ' 

Thus, by a standard application of the dominated convergence theorem, #2 is continuous at the 
point xo- Hence, it is continuous on R^, as well as the function g = g\ + gi . 

On the other hand, by Theorem[3l the kernel K k belongs to L 1 (i?(0, l) c ). Thus, by continuity 
of /, assumption (i) and a standard application of the dominated convergence theorem, the 
function h\ : x i— > i f B ^ 01 ^ c K k (y)f(x — y)dy is continuous on W N . Likewise, by Proposition 
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k ■ x 



[5l the kernel Kq belongs to C°(R N \ {0}), so, by continuity of /, the function h 2 • 
(Js-n-i Ko(y)ykdy)f(x) is continuous on R . Finally, assumption (ii) yields 

N 

Vy G B(0, 1), \K k (y)(f(x - y) - f(x))\ < \\V f\\ Loa(RN) £ \ yj K k (y)\. 

3=1 

Since the functions y i— > yjK k (y) belong to L 1 (S(0, 1) by Corollary [IJ the function h k : x \— > 
* Ib(o i) Kk{y){f (x — y) — f '{x))dy is also continuous onR-^. Hence, the function h k = h k + hf.+h k 
is continuous on R . 

Step 2. First order partial derivatives of g in the sense of distributions. 

Let us now consider some test function <f> G C^°(R N ). By definition (|102p . we compute 

< d k g, <!>>=- I f(y)A 4> (y)dy, (103) 

where 

Vy G R N , A^y) = I K (x - y)d k <t>{x)dx. (104) 
Jr n 

Then, let us fix y G R N . Since belongs to C™^), there is some i? > |y| + 2 such that 



A^(y) = / #0(2; - y)d k ((/)(x) - 4>(y))dx + / K Q (x - y)d k (f>(x)dx. 

JB(y,l) J B(0,R)\B(y,l) 

However, the kernels Kq and K k belong to C°(R N \ {0}) by Proposition [5j Therefore, since the 
kernel K k is equal to —id k Ko, the kernel Kq is of class C 1 on M. N \ {0} such that 

Vz G R N \ {0},d k K {z) = iK k (z). 

Hence, by integrating by parts, 



(105) 



A < j ) (y)= K (x - y)d k (<f){x) - 4>[y))dx - i j K k (x - y)<j>(x)dx 

JB(y,\) JB(p,R)\B(y,l) 

Kq(x - y)(x k - y k )4>(x)dx. 

S(y,i) 

Moreover, by Corollary [H the kernel Kq belongs to L 1 (i?(0, 1)), so 



K (x - y)d k (<f>(x) - 4>{y))dx = lim / Kq(x - y)d k (<j){x) - <j){y))dx. (106) 

B(y,l) £ ^ U Je<\x-y\<l 

Hence, since Kq is of class C 1 on R N \ {0}, we compute for every e G]0, 1[, 
/ Kq(x - y)d k {(j){x) - <j){y))dx 

Je<\x-y\<l 

K k (x - y)(<f>(x) -<j){y))dx+ / K (x - y){<j>{x) - <f>(y)) (107) 

e<\x-y\<\ JS(y,l) 

{x k -y k )dx- I Kq(x - y)(<f){x) - <f){y)) dx. 



>S(v,e) 

On one hand, <f> belongs to C£°(R N ), which gives 

Vx€B(y,l), K k (x - y)((f>(x) - (f>(y)) < A \(x t - yi)K k (x - y)\, 
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so, since the functions x \— ► XiK k (x) belong to L x (i?(0, 1)) by Corollary [IJ 



K k {x - y)(<t){x) - <P(y))dx -» / K k (x - y)(ct>(x) - (f>(y))dx. (108) 

e<|ac— i/|<l JB(y,\) 

On the other hand, the kernel -Ko belongs to L x (i?(0, 1)). Therefore, there exists a sequence of 
positive real numbers 5 n which tends to when n — > +oo, and which satisfies 

Vn€N,3e n €]0,5 n [,<y n / \K Q (z)\dz < f \K (z)\dz. 

JS(0,e n ) JB{0,5 n ) 



Thus, since i^o an d <j> belong respectively to L 1 (i?(0, 1)) and C£°( 



OO/'TIJ./VA 



— / K (x - y)(x k - y k )(<j)(x) - 4>{y))dx 

£ n JS(y,e n ) 



Therefore, by equations (HMD, (fWj) and ([TUgD . 



^4 

<— / 1-KoOc - y)||z - y| 2 dx 



n JS(y,e n ) 



<A / |Ko(z)|dz 0. 

JB(0,S n ) n->+oo 



K (x - y)dk(4>(x) - <p(y))dx = -i K k (x - y)((j>(x) - <j){y))dx 

B(y,l) JB{y,X) 



+ / K Q (x - y)(x k - yk){<t>{x) - <t>{y))dx, 
Js{y,X) 



which gives by equation (|105p . 

A^(y) = -i I K k {x - y)((j){x) - <p(y))dx - [ I K (x - y)(x k - y k )dx 

JB(y,l) \JS(y,l) 



(109) 



(f>(y)-i K k (x - y)4>{x)dx. 

J B(0,R)\B(y,l) 



On the other hand, by definition (|104p . belongs to L q (M. N ) for 1 < q < +oo. Indeed, if the 
distance between y and the support of (j) is more than 1, we compute by Theorem [3l 



\/,(y)\<A | m ' N dx< - f jtxn WWV 



1^)1 dx , A 
iSu PP (4>)\ x -y\ N d(y,8wpp(<f>)) N 

while if this distance is less than 1, 



\^<t>(y)\ < a \\4>\\l^(rn)\\ k o\\li(Supp(<i>)), 

by Corollary [TJ Thus, since the support of (f> is compact, does belong to L q (W N ) for 1 < q < 
+oo. However, the function / belongs to L q (W N ) for 1 < q < +oo by assumption (i). Therefore, 
it follows from equations (|103p . (|104j) and (|109p . and Fubini's theorem that 



< d k g, (j) >= I f(y) ( i / K k {x - y){<p{x) - <p{y))dx 

>B(y,l) 



+ ( / (xk ~ yk)K Q (x - y)dx)4>(y) +i K k (x - y)<j>(x)dx )dy. 

IS(y,l) J JB(y,l) c 
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It now remains to make the changes of variables z = x — y and t = y + z to get 

<d k g,<f>>=[ (if K k (z)(f(t-z)-f(t))dz+([ K (z)z k dz)f(t) 
+i / K k (z)f(t - z)dz)4>(t)dx, 

JB{0,1) C J 

by Fubini's theorem, which gives 

< d k g,4> >=< h k ,cf) >, 

by definition (jlOip . Therefore, the partial derivative d k g of g in the sense of distributions is 
equal to h k . Since g, hi, . . ., are continuous functions by Step CO g is of class C 1 on M. N with 
partial derivatives given by formula (fT2j) . This completes the proof of Lemma O 



3 Asymptotics of the solitary waves 

This second part is mainly devoted to the proof of Theorem [TJ We first compute the optimal 
algebraic decay of the solitary waves stated in Theorem [7] by the standard argument mentioned 
in the introduction. In the second section, we complete the proof of Theorem [1] by deducing the 
asymptotics of a solitary wave from Propositions [7J and EJ Finally, the last section is devoted 
to the proof of Theorem [2] which links the asymptotics of a solitary wave to its energy and its 
action in the case of the standard Kadomtsev-Petviashvili equation. In particular, the proof of 
Theorem [2] relies on Lemma [H which also implies the non-existence of non-trivial solitary waves 
when p > 2N-3 ( see Corollary [2] for more details) . 

3.1 Algebraic decay of the solitary waves 

In this section, we derive the algebraic decay of the solitary waves stated in Theorem [7J As 
mentioned in the introduction, Theorem [7J follows from a standard inductive argument which 
links the algebraic decay of the solitary waves to the algebraic decay of the associated kernels. 
We first determine some small algebraic decay for the solitary waves. It follows from Proposition 
[6] which gives some integral algebraic decay for Vu and d\v. Then, we inductively improve the 
algebraic decay of v and Vv by using the superlinearity of equations (fTTj) and (|4*2"j) . This is 
possible as long as the rate of decay is less important than the rate of decay of Kq and K k . 
Thus, the solitary waves decay at least as fast as Kq, while their gradient decays at least as fast 
as K k . This leads to Theorem [7J whose proof follows below. 

Proof of Theorem^ We split the proof into five steps. In the first one, we use Proposition [6] 
to infer some small algebraic decay for v and . 

Step 1. There exists some «o > such that v and Vv belong to M^°(M Ar ) for (3 G [0, «o]- 

Step [Q results from equations (fTUj) and (fTTj) . Indeed, equation (fT0|) gives for every (3 > 0, and 
almost every x G R , 

\xf\v{x)\ <a( [ \H Q (x - ymfHyWlOMy^dy 

V Jr n 

+ / \x - yf\H (x - y)\\v(y)\ p \div{y)\dy 
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27V- 1 



However, if < (3 < N — 1, by Theorem [3] and Corollary [Q we compute for every 1 < q < 2JV _ 4 , 
x - yf\H (x - y)\\v{y)\ p \d 1 v{y)\dy 
<a( I \x-yf- N+1 \v(y)\ P \div(y)\dy+ [ \H (x - y)\\v(y)\ p \div(y)\ dy 

\JB(x,l) c JB(x,1) / 

v(y)\ p \d\v(y)\dy + ||-ff |U?(B(o,l)) IK^HIiy (i?^,!)) ) • 



lB(x,l) c 

Therefore, by Theorem [8j there exists some A > such that 



V0 </3<iV-l, / \x — yf\H (x — y)\\v(y)\ p \div(y)\dy < A. (Ill) 

On the other hand, Theorem [3] and Corollary Q] yield for every 1 < q < l^rEg an d r > -J^j, 

[ \H (x - y^yfHy^ldMy^dy 

i i 

<A( f / M^^V) r ( [ \yf r '\v(y)r'\d lV (y)\ r 'dyY 
\\Jb(o,i)c J \JB{x,\y J 

+l|ffollw(B(o,i)) x ll/l^'Ky)|« , |Ml/)K^) 7 ). 

However, by Theorem [HI the function t; is bounded on W N , so, by assertion (|45p . for every s > 1 
and < /3 < min{l, -}, 



(1-/3)^ ^ A 

2(1-/3)3 — 



/3s 

/ \yf s Hy)\ ps \div(y)\ s dy <a( f \y\ 2 d lV (y) 2 dy) 2 \\div\ 
Therefore, by Theorem [8J in the case (5 = 0, we obtain for < [3 < min{l, p-, ^}, 



\H (x - y)\\yfHy)\P\d lV (y)\dy < A. (112) 



Thus, by equations (|lll)p . (j 1 1 1 j) and (|112|) . there is some a\ > such that the function v belongs 
If 

On the other hand, by Theorem [3J and Corollary [H the kernel Kq belongs to L q (W N ) for 



to Mf(R N ) for every < [3 < a\. 

e other hand, by Theore 
1 < q < 2jv-3 ' w hile the function v p X7v belongs to L 1 (M Ar ) by Theorem [8j Therefore, we can 
derive from equation (jlip the following equation, 

Vv = K * {v p X7v), 

which holds in L q (R N ) for 1 < q < 2N-3 ' ^ n particular, it yields for every j3 > and almost 
every x G K , 



\xf\Vv(x)\ <A( / \K (x - y)\\yf\v(y)\ p \Vv(y)\dy 

\Jm (113) 

+ / |x-y|^|K (x-y)||t;(y)|P|V^y)|%). 
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However, if < (3 < N, Theorem [3] and Corollary Q] give for every 1 < q < 2 /v-3 ' 
\x-yf\K (x-y)\\v(y)\P\Vv(y)\dy 



<A[ \x- yf- N Hy)f\Vv(y)\dy + \\K \\ Lq{Bm) \\v p Vv\\ Lq , {B , 1)} . 

Hence, by Theorem [81 there is some A > such that 

VO < (3 < N, [ \x- yf\K (x - y)\\v{y)\ v \Vv{y)\dy < A. (114) 



On the other hand, Theorem [3] and Corollary Q] yield for every 1 < q < 2JV-3 an< ^ r > li 
\K (x - y)\\yf\v(y)\P\Vv(y)\dy 

<a(( [ \y\- Nr dy) T ( [ \yf r '\v(y)r'\Vv(y)\ r 'dy 

\\JB(0,1) C / \JB(x,l) c 

+I|#o||w(b ( o,i))( [ \yf r '\v(y)\ pq '\Vv(y)\i'd y y 

\JB(x,l) J 

However, by Theorem El the function v is bounded on R , so, by assertion (145D . for every s > 1 
and < (3 < min{l, -}, 

§3 

\ y f s \v(y)HVv(y)\ s dy <A( f \y\ 2 \Vv(y)\ 2 dy] * [|Vv|| ( ^. < A. 



Hence, (by Theorem [8] in the case (3 = 0), we get for every < j3 < min{l, y}, 

K (x - y)\\yf\v(y)\ p \Vv(y)\dy < A. (115) 

Finally, by equations (|113p . (|114p and (|115p . there is also some a<i > such that Vt> belongs to 
Mjf(R N ) for every < (3 < ct2- Then, it only remains to set ao = min{a!i, 0:2} to complete the 
proof of Step [TJ 

Remark 13. By Step[H the function v is lipschitzian on R N . Indeed, Vv is bounded on R . 

We now improve the algebraic decay of v by applying the inductive argument mentioned in 
the introduction to equation (jlll) . 



Step 2. Let us consider a > and assume that the function v belongs to M^(M N ) for every 
13 6 [0, a]. Then, it belongs to Mj?(R N ) for every £ [0, N] n [0, (p + l)a[. 



Indeed, equation (fTTj) yields 

\xf\v(x)\ < a( [ \x-yf\K (x-y)\\v(y)\P +1 dy+ [ \K (x - y)\\yf\v(y)\P +1 dy) . (116) 
V Jr n Jr n J 

for every (3 > and for almost every x £ R . However, by Theorem [3] and Corollary [H 
/ \x- yf\K Q (x - y)\\v(y)\P +l dy <a( f \x - yf- N \v(y)\P +1 dy 



*B(x,l) c 

+ [ \K (x-y)\\v( y )\P +1 dy), 

JB(x,1) 
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p+1 

L 



so that 

J n \x - yf\K (x - y)\\v(y)\v +l dy <A{\\v\\ p + l + ^ N) + \\K \\ LHmi)) \\v 

for every < (3 < N, by Theorem [8j Likewise, Theorem [3] and Corollary [1] give 
liTo^-^IM^K^r^^Aff / \y\M\v(y)\^'dy 



(117) 



_B(x,l) c 

l 

dz \ i 



) + ll^0||Li(B(0,l))lhl M 



IP+1 



b(o,i) c ITv -a 



for every g > 1. However, by the assumption of Step [21 there is some q > 1 such that for every 
P £ [0, (p + the function y i— ► (y) p+1 belongs to L q (R. ). Hence, we obtain 

\K (x - y)\\yf\v(yW +1 dy < a{\\\.\ V +1 || w , (rJV) + \\v\\ p +^ {RN) ) < A. (118) 

Thus, by equations (fl"T6"j) . (ITT7|) and (fTTBl) . the function w belongs to M^(R N ) for P £ [Q,N] n 
[0, (p + l)a[, which is the desired result. 

Then, we deduce the rate of decay of v given by Theorem [""} 
Step 3. The function v belongs to M^? 1 



Since p + 1 > 1, the geometric sequence given by uq = ao and u n+ \ = (p + l)u n tends to +oo 
when n tends to +oo. Thus, by a straightforward inductive argument, it follows from Steps [Q 
and M that the function v belongs to Mff(R N ). 

We now turn to the algebraic decay of Vu. In particular, we improve the rate of decay given 
by Step [T] by applying the inductive argument of the introduction to equation ([4*2]) . 

TOO (T®N\ 



Step 4. Let us consider a > and assume that the function Vv belongs to M2°(R ) for every 
P e [0,a]. Then, it belongs to M^(R N ) for every P G [0,min{iV + 1, (p + l)N,pN + a}]. 

Indeed, by Theorem [HI the function v p+l is bounded and continuous on W N . Moreover, by 

f (P+i)Jv( 



Steps [H and El it belongs to M?° +1 ^ N (R N ), and its gradient, to L°°(R N ). Therefore, by Lemma 



[3l the following equality holds for every k £ {1, . . . , N} and x £ 



d k v(x) =i / K k {y)v{x - y) p+1 dy + i / K k (y)(v(x - y) p+1 - v(x) p+1 )dy 
Jb(o,i) c Jb(o,i) 

+ ( f y k K (y)dy)v(xr +1 . 
In particular, by Theorem [3] and Corollary [H this yields for every P > 0, 

\xf\d k v(x)\ <\xf [ \K k {y)\\v{x-y)\ p+l dy + A\xf\v(x)\ p+1 

7 ( °' 1)C (119) 
+\xf / \K k {y)\\v(x - yf +1 - v(xf +1 \dy. 

JB(0,1) 

However, Step [3] yields for every P £ [0, (p + 1)N], 

\xf\v(xW +1 < \\v\\ p +^ {RN) <A. (120) 
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On the other hand, by Theorem [3j 

\K k (y)\\v(x-yW +1 dy<A( [ {yf'^Hx - y)\ p+1 dy 

t,l) c \JB(0,1) C 



+ / \y\- N - l \x-yf\v{x-y)\v +l dy 
Jb{o,i) c 



so, 

I/ 9 



■J' 



|^(y)IKx-y)r 1 d 2 /<A(||«||g| w j + IHlJi (RiV) ) < A (121) 

for every /3 G [0, min{./V + 1, (p + l)iV}], by Theorem [8] and Step[3j Finally, by Theorem [8] and 
Step CO the function v is continuous on M , while its gradient is bounded on W N . Hence, we 
compute for every (x,y) G (K N ) 2 , 

rl 



v(x - y) p+ - v(x) p+1 <{p+l) I \v(x -ty)\ p \Vv(x -ty).y\dt 

N 



dt 



i _ i + | x _ ty | P ^+ c 

^ at 

V s i i 
— ~i + \x\ pN+a 2-** 

which gives by Theorem [8j Step [3J and the assumption of Step HI 

f 

>B(0,1) J- -I" R p7V '' " JB(0,1) l=] 

Then, Corollary [1] yields 



J b \K k (y)\\v(x - y) p+1 - v{x) p+1 \dy < - + ^ N+a jf £|w|l*ik(tf)|ciy. 



\xf \K k (y)\\v(x - y) p+l - v(x) p+1 \dy < A, (122) 

JB(0,1) 

for every /? G [0,piV + a]. Thus, by equations (fTT9l) . ((120]), (fHTl) and ([122]) . the function 
belongs to M2 (R JV ) for < /3 < minjiV + 1, (p + l)N,pN + a}, which concludes the proof of 
StepH 

In conclusion, we infer the rate of decay of Vu given by Theorem 
Step 5. T/ie function Vv belongs to the space M^ in ^ N+1 , +1 ~. N y(R. ). 

Indeed, the arithmetic sequence given by u$ = «o and u n+ \ = u n +pN tends to +oo when n 
tends to +oo. Thus, by Steps [T] and [H the function Vv belongs to M™ in ^ N+1 ^ p+1 ^ N y(J\l N ). This 
concludes the proofs of Step [5] and of Theorem [7J 



3.2 Asymptotics of the solitary waves 

In this section, we complete the proof of Theorem [TJ Indeed, in the previous section, we proved 
Theorem [7J which describes the algebraic decay of the solitary waves and of their gradient. In 
order to show Theorem Q3 it remains to compute the first order asymptotics of any solitary 
wave v, i.e. the limit of the function x i— ► ^^^(x) when |x| tends to +oo. This is the goal 
of Propositions [7J and [HJ In Proposition [JJ we compute the pointwise limit when R tends to 
+oo of the functions vr defined by formula (|46l) . Our argument results from Theorems El 
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and Corollary Q] and a standard application of the dominated convergence theorem. Then, in 
Proposition [HI we deduce from Theorem [7J and a standard application of Ascoli-Arzela's theorem 
that this convergence is uniform in the case p > . Finally, Theorem [T] follows from Theorem 
[7J and from Propositions [7J and [8j However, let us first write the proof of Proposition [7J 

Proof of Proposition^ Let a G S^ -1 . By formula (JM|), we compute for every R > 0, 



R N K (Ra-y)v(yr +L dy 



P+l, 



+ / R N K (Ra-y)v(yr +1 dy). 

JB(R<t,§)c J 



However, Theorem [5] gives 

R N K Q {Ra-y)v{yf +1 
for every y S M. N , while 



r(K) 



R N K Q {Ra-y)v{yY + \ Ra _ y ^ 



< A- 



R 



N 



< 



A 



{Ra - y) N (l + \y\ N (P+V) ~ 1 + \y\ N b>+V 
by Theorems [3] and [7J Therefore, the dominated convergence theorem yields 



/ R N K (Ra-y)v( y y+ 1 dy - ^(1 - Na\) [ v{yf +1 dy. (124) 



'B(Ra,&) 

On the other hand 



B(Ra,§) 



R N K (Ra — y)v(y) p+1 dy 



<A 



R 



N 



< 



A 



R Np 



\K Q (z)\dz + 



K (Ro-y)\dy 



by Theorem [7J so that 



R N K Q {Ra-y)v(yY +l dy 



B(Ra,§) 



< 



5(0,1) 



A 



dz 



K\z\<§ \ z 



N 



by Theorem [3J and Corollary [TJ Thus, equations (|123|) and (|124p lead to 



r(f; 



(1 - Na() / K2/) P+1 ^, 



(123) 



which is exactly assertion (|47p . 

Then, we establish the uniformity of the pointwise limit computed above in the case p > i. 
This follows from Proposition [HJ whose proof is mentioned below. 

Proof of Proposition [3 Let us assume by contradiction that (wr)k>o does not converge 
uniformly to when R tends to +oo. Then, there is some e > and a sequence of positive 
real numbers (i? n )neN tending to +oo, such that 



Vn G N, \\v Rn - Voo||l°°(s^-i) > e. 



(125) 
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However, since p > -A*, we deduce from Theorem [?]□) 

II^JIl^s^- 1 ) <A 

IIV^^JIloc^-i) <AJ^ +1 ||Vt;(i2 n .)llL«.(s^-i) < Mn^jv}-! ^ A ' ' 2<,) 

Therefore, by equation (I126p and Ascoli-Arzela's theorem, up to a subsequence, (vn n )neN con- 
verges m L°°(S 7V ~ 1 ). By Proposition El its limit is necessary equal to Wqo, which leads to a 
contradiction with assertion (|125j) . Thus, (v_r)_r>o uniformly converges to Voq when R tends to 
+00, which is the desired result. 

Finally, we end the proof of Theorem Q] by invoking Theorem and Propositions [7J and 

Proof of TheoremUl Indeed, the function x 1— > Ixj^i^x) is bounded on M> N by Theorem [7J 
Moreover, by Proposition [7J assertion (|8|) holds for every a € S^ -1 , and by Proposition [8l the 
convergence given by assertion ([8]) is actually uniform when < p < 2 ns ■ This concludes the 
proof of Theorem [TJ 



3.3 Link between the asymptotics and the energy of the solitary waves for 
the standard Kadomtsev-Petviashvili equation 

This last section deals with the standard Kadomtsev-Petviashvili equation. Here, we link the 
asymptotics of a solitary wave to its energy and its action. As mentioned in the introduction, 
this link results from the standard Pohozaev identities of Lemma HI which were derived by A. 
de Bouard and J.-C. Saut in [3]. 

Proof of Theorem\M Let us consider k G {2, . . . , N} and < p < 2 ns - We deduce from 
formulae (l4"5|). (f50|) and (f5Tj) after some algebraic computations that 



U + p(3-2N)) v(x) p+2 dx =2(p + 1)0 + 2) / v(x) 2 dx, (127) 
v ' Jr n Jr n 

f4 + p(3-2iV)) / d 1 v(xfdx=pN v{x) 2 dx, (128) 
v 1 Jr n Jr n 

(A + p(3-2N)) / v k {x) 2 dx=p v(x) 2 dx. (129) 
^ ' Jrn Jrn 

Assume now that p = 1, and N = 2 or N = 3. Then, formula becomes 

T(-) r 

W eS N -\v OD (a) = Naf) v(x) 2 dx. (130) 
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However, by formulae ([3]), (|127p . (|128p and (|129p . the energy of v is equal to 



E M = 2(7- 2N) I . r[ - r) ~' Lr - 



8 Here, the notation V s denotes the gradient on the sphere 8^ 1 immersed in M. N . More precisely, if we 
consider some index i 6 {1, . . . , N} and some function / G C°°(S N ~ 1 , C), the notation df is defined by 

Vx-G§ ,9i /(x) = hm — ! , 

where (ei,...,e n ) is the canonical basis of M. N . Then, the gradient V s / is defined by V s / = 

(df f,...,d% /). 
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so, by equation (|130p . 



W e S N -\ Voo (a) = (? 2N)T{ l\ l - Naf)E(v), 



2 



2(2N - 5)ir' 

which is formula ([9]). Likewise, by equations ([2]) and (|131 j) . the action of v is given by 



S(v) = / v(x) z dx, 

y ' 7 -2N 1 



so, by equation (|130|) . 



4tt 2 

which completes the proof of formula ([9]) . 

Finally, for the sake of completeness, we complete this subsection by another straightforward 
consequence of the identities of Lemmad) the non-existence of non-trivial solitary- wave solutions 
of equation ([1]) in Y for p > 2 n-z m an y dimension N > 4. 

Proof of Corollary^ Indeed, formula (|128p gives for every p > 0, 



f4 + p(3-2iV)) / div{xfdx = Np I v{x) 2 dx. 

V ' JRN J r n 

Therefore, if p > 2j ^_ 3 , 



v(x) 2 dx < 0. 



Thus, v is identically equal to 0, which concludes the proof of Corollary [2j 
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